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INTRODUCTION 
The p r e a e n t  a t u d y  warn motivated by a d e m i r e  t o  u n d t r -  
s t a n d  t h e  a c o u m t i c  a t t e n ; r a t i o n  of r i l i c o n  a t  l o w  f r e q u e n c y  
a n d  low t e m p e r a t u r e .  Prof  emmor Jomeph Weber r e p o r t e d 1  a n  
i n t e r e m t i n g  na r row d i p  i n  t h e  m e c h a n i c a l  q u a l i t y  f a c t o r  o r  
Q o f  a large, (-1 meter l o n g )  n e a r l y  p e r f e c t ,  s i n g l e  c r y -  
s t a l  o f  s i l i c o n  i n  t h e  v i c i n i t y  o f  12K a t  3.4KHz. The 
e x t r e m e l y  l u g e  Q of s u c h  c r y s t a l s p a  o f  t h e  o r d e r  of 
lo9 , caumed them t o  be  o f  i n t e r e s t  as p o a s i b l o  g r a v i t a -  
t i o n a l  wave d e t e c t o r s  o r  u l t r a s t a b l e  c l o c k s .  
Exist i n g  anharmonic  c a l c u l a t  i o n s  and measurements  3 
a t  300-500 MHz show no peok i n  t h e  a c o u s t i c  a t t e n u a t i o n  
of s i l i c o n  a t  l o w  t e m p e r a t u r e .  S t u d i e s  o f  i m p u r i t y  in -  
duced .  a t t e n u a t  i o n 4  s h o r e d  t h i s  mechanism t o  be u n l i k e l y ,  
s i n c e  t h e  d i p  i n  Q was too narrow t o  be  f i t  by a r e l ~ x a -  
t i o n  t y p e  e x p r e s s i o n  w i t h  an a c t i v a t e d  r e l a x a t i o n  t i m e .  
F u r t h e r m o r e ,  t h e  boron i m p u r i t y  c o n t e n t  o f  t h e  s i l i c o n  
c r y s t a l  aas 0u1014 atoms,cm3 , a rather low i m p u r l t y  con- 
c e n t r a t  i o n .  
After c o n s i d e r i n g  s e v e r a l  p o s s i b l e  a t  t e n u n t  i o n  mechan- 
i s m s ,  t h e  a u t h o r  became aware o f  t h e  n e g a t i v e  thermal ex-  
p a n s i o n  o f  s i l i c o n .  A c a l c u l a t i o n  of  t h e  t h e r m o e l a s t i c  
c o n t r i b u t i o n  t o  t h e  a c o u s t i c  a t t e n u a t i o n  o f  s i l i c o n  showed 
s t r o n g  a t t e n u a t i o n  a n o m a l i e s  n e a r  1 3 K  and 17K d u e  t o  
t h e  change  i n  s l g n  of  t h e  t h e r m a l  e x p a n s i o n  c o e f f  i c i e u t  . 
T h i s  c a l c u l n t  i o n ,  t o g e t h e r  w i t h  ear l ier  s t u d i e s ,  s u g g e s t s  
t h a t  t h e  anomaly i n  t h e  Q is a n  anha rmon ic  e f f e c t  a n d  
n o t  due to impur it 18s. 
S i n c e  t h i r d  o r d e r  e las t  i c i t y  t h e o r y  is u n a b l e  t o  y i e l d  
t h e  n e g a t  i v e  t h e r m a l  e x p a n s i o n  o f  s i l i c o n .  i t  was realized 
t h a t  e l a s t i c i t y  t h e o r y  c o u l d  g i v e  m i s l e a d i n g  r e s u l t s  f o r  
anha rmon ic  p r o p e r t i e s  of diamond s t r u c t u r e  c r y s t a l s .  I t  
wan t h u s  d e s i r e a b l e  t o  d e v e l o p  a rea l i s t ic  la t t ice  d y n a m i c a l  
model f o r  harmonic  a n d  anha rmon ic  p r o p e r t  ies o f  s i l i c o n .  
With t h i s  i n  mind,  i t  was d e c i d e d  t o  c a l c u l a t e  t h e  t h e r m a l  
e x p a n s  i o n  o f  s 11 i c o n .  
S i l i c n n  h a s  n e g a t i v e  G r u n e t s e n  p a r a m e t e r s  f o r  s e v e r a l  
modes and  n e g a t i v e  t h e r m a l  e x p a n s i o n  as  a c o n s e q u e n c e  o f  
6 
t h i s .  The e a r l y  work of B a r r o n  p o i n t e d  o u t  t h a t  a n  fcc 
c r y s t a l  w i t h  o n l y  n e a r e s t  n e i g h b o r  Hooke ' s  Law c e n t r a l  po- 
t e n t i a l  i n t e r a c t i o r ? ~  would have  a  t h e r m a l  expans4.on t h a t  is 
n e g a t i v e  a t  a l l  t e m p e r a t u r e s .   lackm man^ c o n s i d e r e d  a n  
i o n i c  l a t t i c e  model w i t h  t h e  z i n c  b l e n d e  s t r u c t u r e  and  
found n e g a t i v e  G r u n e i s e n  p a r a m e t e r s  i n  t h e  e l a s t i c  r e g i o n .  
T h i s  work ,  w h i l e  i n t e r e s t i n g ,  d i d  n o t  show how t h e  n e g a t i v e  
mode gammas a r i s e .  and  no a n a l y t i c  e x p r e s s i o n s  f o r  t h e  mode 
8 gammas w h e r e  g i v e n .  B i e n e n s t o c k  made a c a l c u l a t i o n  o f  t h e  
t h e r m a l  e x p a n s i o n  o f  germanium b u t  t h e  a p p r o x i m a t i o n s  made 
were somewhat d r a s t i c  and  t h e  p h y s i c a l  mechanism f o r  t h e  
n e g a t i v e  mode gammas was n o t  r e c o g n i z e d .  Also, no a n a l y t i c  
e x p r e s s i o n s  f o r  t h e  mode gammas were p r e s e n t e d .  S i m i l a r  
criticisms a p p l y  t o  t h e  c a l c c l a t i o n s  o f  D o l l i n g  and  C o w l e y  9 
a n d   en," as d i s c u u s e d  i n  d e t a i l  i n  C h a p t e r  2.  
I n  C h a p t e r  1 w e  d e v e l o p  t h e  ha rmon ic  l a t t i ce  d y n a m i c a l  
model, i n c l u d i n g  t h e  i n v e s t  iga t  i o n  of l o n g - r a n g e  n o n l o c a l  
d ipo le  i n t e r a c t i o n s .  I n  C h a p t e r  2 w e  d e v e l o p  t h e  a n h a r -  
monic  model, wh ich  ie  a c o n s i s t e n t  e x t e n s i o n  o f  t h e  har- 
monic  model. A n a l y t i c  e x p r e l r a i o n s  f o r  t h e  G r u n e i s e n  p a r a -  
m e t e r a  of s e v e r a l .  modes are prer ren ted  a n d  t h e  model a p p l i e d  
t o  a c a l c u l a t i o n  o f  t h e  t h e r m a l  e x p a n s i o n  o f  s i l i c o n .  I n  
C h a p t e r  3 w e  p r e s e n t  a c a l c u l a t i o n  o f  t h e  anomaloua t h e r -  
moelastic a t t e n u a t i o n  i n  s i l i c o n  a n d  i n  C h a p t e r  4 a sum- 
mary of c o n c l u s i o n s  is g i v e n .  S e v e r a l  d e t a i l s  p e r t a i n i n g  
t o  t h e  d i s c u s s i o n  i n  C h a p t e r s  1 and  2 are g i v e n  i n  t h e  
appendices. 
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C h a p t e r  1 
Harmonic Lattice Dynamic6 o f  t h e  
Diamond S t r u c t u r e  
"0 Lord, how mani fo ld  are t h y  works! 
i n  wiadom h a s t  t h o u  madc them a l l :  
t h e  e a r t h  is f u l l  of t h y  r i c h e s . "  
P e a l m  104:24 
INTRODUCT ION 
I n  t h i s  c h a p t e r  w e  d e v e l o p  a model f o r  t h e  harmonic 
l a t t i ce  dynamics of diamond s t r u c t u r e  c rys ta l s .  The chap- 
ter is d i v i d e d  i n t o  f o u r  main sect i o n s .  F i r s t  w e  d i s c u s s  
some e l e m e n t a r y  p r o p e r t i e s  of t h e  dismond s t r u c t u r e  . 8e- 
cond,  w e  d e v e l o p  a  model f o r  t h e  s h o r t - r a n g e  c o n t r i b u t i o n s  
t o  t h e  dynamical  m a t r i x .  T h i r d ,  w e  d e v e l o p  a model f o r  t h e  
long-range  c o n t r i b u t i o n  t o  t h e  dynamical  m a t r i x  employing 
n o n l o c r l  d i p o l e s .  T h i s  is a l e n g t h y  s e c t i o n  and r e q u i r e s  
s e v e r a l  s i d e  d i s c u s s i o n s  t o  be  found i n  t h e  n p p e n d i c e s .  
F o u r t h ,  w e  p r e s e n t  a n a l y t i c  e x p r e s s i o n s  f o r  t h e  e las t ic  
c o n s t a n t s  and f o r  phonon f r e q u e n c i e s  a l o n g  s y m m e t r y  d i r e c -  
t i o n s  u s i n g  t h e  model developed i n  t h e  p r e v i o u s  two sec- 
t i o n s .  We a l s o  p r e s e n t  f i t s  t o  e x p e r i m e n t a l  d a t a  and 
phonon d i s p e r s i o n  c u r v e s  f o r  s i l i c o n  i n  t h i s  s e c t i o n .  
Figure 1. The diamond crystal structure showing the 
tetrahedral bond arrangement. 

F i g u r e  2 .  The rhombohedra1 p r i m i t i v e  c e l l  of t h e  
f a c e - c e n t e r e d  c u b i c  1 a t  t i c e .  The p r i m i i  i v e  t r a n s l a t i o n  
4 -C ,+ 
v e c t o r s  a 1 , a 2 , a 3  c , ~ ~ n e c t  t h e  latt ice p o i n t  a t  t h e  o r i g i n  
w i t h  t h e  l a t t i c e  p o i n t s  a t  t h e  f a c e  c e n t e r s .  Shown a r e  
c o n v e n t i o n s  u s e d  i n  t h e  p r e s e n t  work, 

D IAMOND STRUCTURE 
The purpose of  t h i s  mect lon  i m  t o  d e f i n e  .one conven- 
t i o w  t h a t  w i l l  be uued th roughou t  t h i s  t h e m i s ,  a8 w e l l  a s  
a c q u a i n t  t h e  r e a d e r  w i t h  uome b a s i c  p r o p e r t  i e u  of t h e  d i a -  
mond m t r u c t u r e .  
The diamond s t r u c t u r e  is a f a c e - c e n t e r e d  c u b i c  s g a c e  
l a t t ice  w i t h  t w o  atoms p e r  u n i t  c e l l  .' (see P i g .  1) I t  may 
be  v i s u a l i z e d  as two i n t e r p e n e t r a t i n g  fcc la t t i ces  w i t h  one  
s h i f t e d  r e l a t i v e  t o  t h e  o t h e r  by one  q u a r t e r  of t h e  body 
d i a g o n a l  of  t h e  c o n v e n t i o n a l  c u b e .  The l a t t i c e  p o s i t  i o n  
v e c t o r s  are g i v e n  by 
w i t h  B r a v a i s  l a t t ice  v e c t o r s  
and t h e  basis v e c t o r s  
-P y - b  -* -* 
R :K )  - - i ( a 1 + a 2 + a 3 )  f o r  K - 0 , l  . 
Here A1,  L 2 ,  lj are a r b i t r a r y  i n t e g e r s .  The p r i m i t i v e  
t r a n s l a t  i o n  v e c t o r s  a r e  g i v e n  
s i a n  u n i t  v e c t o r s  e i  A by 
of t h e  carte- 
where a is t h e  c o n v e n t i o n a l  c u b e  e d g e  which 18 5.4301 
f o r  m i l i c o n  a t  3 0 0 ~ . ~  ( s e e  F i g .  2 )  Thus w e  have i n  term 
o f  c a r t e s i a n  c o o r d i n a t e s  
In  t h e  f o l l o w i n g  w e  d e n o t e  
The volume of t h e  p r i m i t i v e  c e l l  is 
and t h e  mass d e n s i t y  of t h e  p e r f e c t  c r y s t a l  is 
where M is t h e  mss of  t h e  atom. 
For  t h e  f i r s t  few n e i g h b o r s  of  a g i v e n  atom w e  have 
t h e  1'0 1 lowing . 
r0 
- f i r s t  ne ighbor  d i s t a n c e  
- 4 
4 f i r s t  n e i g h b o r s ,  (1 .9a )  
a 
'2 - Ji - 1.6329932 ro - second  n e i g h b o r  d i s t a n c e  
1 2  second n e i g h b o r s ,  (1 .9b)  
r3 - qm - 1.9148542 ro - t h i r d  n e i g h b o r  d i s t a n c e  
1 2  t h i r d  ne ighborn ,  ( 1 . 9 ~ )  
3 - a - 2.3094011 ro - f o u r t h  n e i g h b o r  d i u t a n c e  
6 f o u r t h  ne ighbor# .  (1 .9d)  
Thus w e  ree t h a t  t h e  f o u r t h  n e i g h b o r  d i s t a n c e  is t h e  f i r s t  
t o  exceed twice t h e  n e a r e a t  n e i g h b o r  distance. The tetra- 
h e d r a l  bond a n g l e  is g i v e n  by ( s e e  s e c t i o n  on  a n g l e  bend ing)  
T h i s  is t h e  a n g l e  d e f i n e d  by a g i v e n  atom and any two of 
its n e a r e s t  n e i g h b o r s ,  when i n  t h e  e q u i l i b r i u m  p o s i t  i o n s .  
We now d i s c u s s  t h e  r e c i p r o c a l  Lattice. The r e c i p r o c a l  
l a t t i c e  t o  t h e  f a c e - c e n t e r e d  c u b i c  l a t t ice  is t h e  body- 
c e n t e r e d  c u b i c  l a t t i c e  . 3  The r e c i p r o c a l  l a t t  ice v e c t o r s  
are g i v e n  by 
w i t h  q , m 2 , m 3  a r b i t r a r y  i n t e g e r s .  The p r i m i t i v e  t r a n s -  
+ l a t i o n  v e c t o r s  bi o f  t h e  r e c i p r o c a l  l a t t ice  a r e  g i v e n  i n  
t e rms  o f  t h e  c a r t e s i a n  u n i t  v e c t o r s  ii by 
Thus wa have i n  term o f  c a r t e m i a n  c o o r d i n a t e s  
J u s t  a s  w e  have a p r i m i t i v e  c e l l  i n  real  s p a c e ,  w e  a l s o  
have a p r i m i t i v e  c e l l  i n  r e c i p r a c a l  s p a c e .  T h i s  minimum 
volume c e l l  is c a l l e d  t h e  f i r s t  B r i l l o u i n  zone .  I t  is t h e  
Wigner-Sei tz  c e l l  i n  r e c i p r o c a l  s p a c e .  F j g u r e  3 shows t h e  
f i r s t  B r i l l o u i n  zone o f  t h e  f a c e - c e n t e r e d  c u b i c  c rys ta l  
l a t t i ce .  
A t  t h i s  p o i n t  i t  is a p p r o p r i a t e  t o  make a b r i e f  com- 
ment on t h e  s t a b i l i t y  o i  t h e  diamond s t r u c t u r e .  Carbon, 
s i l i c o n ,  germanium and grey t i n  c r y s t a l l i z e  i n  t h e  d i a m ~ n d  
s t r u c t u r e .  Thf, f i r s t - o r d e r  semiconduc to r  t o  metal t r a n s i -  
t i o n  o c c u r r i n g  i n  t i n  a t  286K and a t m o s p h e r i c  p r e s s u r e  is 
accompanied by a change i n  s t r u c t u r e  from t h e  diamond c u b i c  
(g rey ,  a-Sn) ' o  t h e  body-centered  t e t r a g o n a l  ( w h i t e ,  
8-Sn) form. T h i s  t r a n s i t i o n  h a s  been o b s e r v e d  i n  s i l i c o n ,  
germanium and a number o f  1 1 1 - V  compounds a t  h i g h  p r e s -  
5 
s u r e s .  For  s i l i c o n ,  a sudden d r o p  i n  r e s i s t i v i t y  of o v e r  
f i v e  o r d e r s  of magnitude is observed i n  t h e  v i c i n i t y  of 
120-150 kbar .  4  
Other  c r y s t a l  forms have also been found.  A metasta- 
b l e ,  semiconducting,  hexagonal diamond ("Wur tz i te f f )  s t r u c -  
6 t u r e  h a s  been observed f o r  ca rbon  and s i l i c o n  , as w e l l  as 
a metallic, bod) -cen te red  cub ic  s t r u c t u r e  f o r  s i l i c o n .  4,5 
E l e c t r o n i c  s t r u c t u r e  c a l c u l a t i o n s  f o r  s i l i c o n 7  have shown 
t h a t  t h e  diamond s t r u c t u r e  is t h e  lowest  i n  energy f o r  R 
number of  p l a u s i b l e  c rys ta l  s t r u c t u r e s .  (see F i g .  4 )  The 
next  s t r u c t u r e  lowest  i n  energy is t h e  hexagonal diamond 
and then  t h e  $ - t i n  s t r u c t u r e .  By way of c o n t r a s t ,  above 
--100°c i c e  I h  , which  is t h e  hexagonal diamond s t r u c -  
t u r e  f o r  t h e  oxygens, is more s t a b l e  t han  ice Ic , which  
8 is t h e  o r d i n a r y  diamond s t r u c t u r e .  I t  appea r s  t h a t  t h e  
~ W G  s t r u c t u r e s  f o r  ice a r e  very c l o s e  i n  energy,  as  they 
are f o r  s i l i c o n  as s h c m  i n  F ig .  4. The r e a s o n  f o r  t h i s  
is t h a t  t h e  t e t r a h e d r a l  c o o r d i n a t i o n  is preserved  and t h e  
n e a r e s t  neighbor d i s t a n c e  is e s s e n t i a l l y  t h e  same f o r  t h e  
two s t r u c t u r e s .  The second neighbor  d i s t a n c e s  are a l s o  
t h e  same, but t h e  o r i e n t a t i o n  of t h e  second neighbor pos i -  
t ion  v e c t o r s  d i f f e r  between t h e  two s t r u c t u r e s .  
F i g u r e  3 .  F i r s t  B r i l l o u i n  z o n e  of t h e  f a c e - c e n t e r e d  
c u b i c  l a t t i c e  w i t h  symmetry p o i n t s  and l i n e s  l a b e l e d .  

F i g u r e  4 .  The diamond,  h e x a g o n a l  diamond,  B - t i n  , 
h c p  , bcc , and  f c c  s t r u c t u r a l  e n e r g i e s  ( i n  u n i t s  o f  
Ry/atom) as  a f u n c t i o n  o f  t h e  atomic volume ( n o r m a l i z e d  t o  
t h e  measured f r e e  volume) f o r  S i  . The d a s h  d  l i n e  is t h e  
common t a n g e n t  o f  t h e  e n e r g y  c u r v e s  f o r  t h e  diamond and  t h e  
8 - t i n  s t r u c t u r e s .  ( C o u r t e s y  M.T. Yin,  R e f .  7 )  
Volume 
HARMONIC APlPriOX IMAT ION AND EQUAT IONS OF M O T E  
B e f o r e  c o n s t r u c t i n g  t h e  harmonic sodel ,  a few words 
c o n c e r n i n g  t h e  harmonic a p p r o x i m a t i o n  and e q u a t i o n s  o f  
mot i o n  are i n  o r d e r .  The harmonic h a m i l t o n i a n  is 
where T is t h e  k i n e t i c  e n e r g y  and t2 is t h e  c o n t r i b u -  
t i o n  t o  t h e  c r y s t a l  p o t e n t i a l  e n e r g y  which is q u a d r a t i c  i n  
t h e  n u c l e a r  d i s p l a c e m e n t s .  Thus w e  have f o r  t h e  diamond 
s t r u c t u r e  
and 
w i t h  
Here w e  have deno ted  Pa(LK) and ua ( lK)  as t h e  a 
c a r t e s i a n  component o f  t h e  momentum and d i s p l a c e m e n t ,  re- 
s p e c t i v e l y ,  o f  atom ( L K )  . Note t h a t  ua(LK) is mea- 
s u r e d  from t h e  rest p o s i t i o n  s p e c i f i e d  by Eq. (1 .l) . The 
@a@ (LK(L 'K ' )  are known as t h e  second  o r d e r  a t o m i c  f o r c e  
c o n s t a n t s .  I is t h e  p o t e n t i a l  e n e r g y  o f  t h e  crystal.  as a  
f u n c t i o n  of  t h e  n u c l e a r  d i sp l acemen t s  and t h e  d e r i v a t i v e s  
i n  Eq. (1.17) are t o  be e v a l u a t e d  wi th  a l l  atoms i n  t b e  
rest g o e i t i o n s .  Using t h e  Hamiltonian Eq.  (1 .14) ,  one can  
show t h a t  t h e  e q u a t i o n s  o f  motion are 
T h i s  equa t ion  ho lds  c l a s s i c a l l y  and a l s o  quantum mechani- 
c a l l y ,  as can  be v e r i f i e d  by u s i n g  t h e  e q u a l  t ime commuta- 
t i o n  r e l a t i o n s  f o r  Po(lK) and u & ( L K )  as w e l l  as t h e  
Heisenberg e q u a t i o n  of mot ion.  
I f  w e  now s e e k  normal mode s o l u t i o n s  of t h e  form 
+ 
where k is t h e  waveveqtor and w is t h e  f requency,  then  
Eq. (1.18) becomes 
where Do@ ( K K '  12) is t h e  dynamical ma t r ix  d e f i n e d  by 
Note t h a t  i n  t h i s  t h e s i s  w e  w i l l  be u s ing  t h e  f i r s t  form 
of t h e  dynamical  mat r ix ,  Eq.  (1 .21) ,  as opposed t o  t h e  
second form of t h e  dynamics1 matrix. '  The two d i f  f e r  by a 
dependent phase f a c t o r .  
Using t h e  i n v a r i a n c e  of  t h e  f o r c e  c o n m t a n t s  under  a 
c r y s t a l  l a t t ice  t r a n s l a t i o n  R(m)lo w e  have  
L e t t i n g  m - -L i n  Eq. (1 .22)  g i v e s  
Thus Eq. (1 .21)  c a n  be w r i t t e n  as 
N e g l e c t i n g  s u r f a c e  e f f e c t s ,  w e  c a n  r e l a b e l  t h e  sum i n  E q .  
( 1 . 2 4 )  s o  t h a t  
From Eq. (1.25) w e  see t h a t  t h e  dynamical  matrix is inde-  
pendent  of  t h e  u n i t  c e l l  index  A i n  Eq. ( 1 . 2 1 ) .  
S i n c e  t h e  o r d e r  of p a r t i a l  d i f f e r e n t i a t i o n  is i n t e r -  
changeab le ,  w e  have from Eq. (1.17) t h e  " f l i p "  symmetry 
p r o p e r t y  
Using t h i s  fac t  p l u s  t r a n s l a t i o n a l  symmetry, E q .  (1 .22) ,  
one  h a s  t h e  Hermi t i an  p r o p e r t y  
where t h e  * deno te s  complex con juga te .  From t h e  d e f i n i -  
t i o n  Eq. (1.21) w e  a lso have 
Now f o r  t h e  diamond s t r u c t u r e ,  D,,(KK'l%) is a 
6 x 6 Hermit ian ma t r ix .  Thus i t  w i l l  have s i x  real e igen-  
va lues  f o r  each va lue  of  it . The e igenva luee  w e  l a b e l  
2 -+ w ( k j )  , where j - 1 ,2 , . 8 . , 6  deno te s  t h e  branch index.  
Furthermore,  t o  each va lue  of it w e  can f i n d  a complete 
or thonormal  set of e i g e n v e c t o r s  ea(K1&j) t h a t  obey t h e  
eigenve l u e  equa t ion  
t h e  o r thonorma l i t y  p rope r ty  
and t h e  completeness  r e l a t i o n  
~ e a r ( ~ l ~ j ) e g ( ~ ' ) k j )  3 6 a@ 6 K K '  • 
Without less of g e n e r a l i t y  w e  a l s o  have t h e  fo l lowing  pro- 
p e r t i e s ,  which cor respond  t o  a p a r t i c u l a r  set of phase  and 
branch l a b e l i n g  convent ions  12 
With  t h e s e  p r e l i m i n a r i e s  o u t  of t h e  way, w e  can  de- 
r i v e  some p r o p e r t i e s  of t h e  f o r c e  c o n s t a n t s  and dynamical 
ma t r ix  imposed by i n v e r s i o n  symmetry p l u s  t r a n s l a t i o n  in- 
var  l a n c e .  
Now c o n s i d e r  t h e  e f f e c t  of  a c r y s t a l  symmetry opera- 
t i o n  r e p r e s e n t e d  by [ s ~ ? ( s )  + A ( m ) )  . Applied t o  t h e  pos i -  
t i o n  v e c t o r  g iven  by E q .  (1.1), t h i s  o p e r a t i o n  t ransforms  
i t  as 
w 
S is a 3 x 3  r e a l  o r thogona l  ma t r ix  r e p r e s e n t a t i o n  of 
one of t h e  proper  o r  improper r o t a t i o n s  of t h e  pu in t  group 
+ 
of t h e  space  group, v (S) is a vec to r  smaller than any 
p r i m i t i v e  t r a n s l a t i o n  v e c t o r  of t h e  c r y s t a l ,  and %(xu) is 
one of  t h e  t r a n s l a t i o n  v e c t o r s ,  Eq.  ( 1 . 2 ) .  For  a review 
of c r y s t a l  symmetry o p e r a t i o n s ,  w e  r e f e r  t h e  r e a d e r  t o  t h e  
a r t i c l e  by Maradudin and vosko13 and t h e  book by Lax. 1 4  
Furthermore, t h e  i nva r i ance  of t h e  p o t e n t i a l  energy under 
t h e  o p e r a t i o n  ( S  13(s) +$(m)] produces t h e  t r ans fo rma t ion  
l a w  f o r  t h e  second o r d e r  f o r c e  c o n s t a n t s  
For  t h e  i n v e r s i o n  o p e r r t  i o n  w e  have  15 
So$ - -6 
a$ (1 .360)  
where 6 is t h e  Kronecker  d e l t a  symbol,  
+ V(S) - :(I) - a/4(i1+G2G3) , (X.36b) 
and 1 
Thus from Eq. (1 .34)  t h e  p o s i t i o n  v e c t o r  is t a k e n  i n t o  
\ 
&LX) = -R(IK) + X ( i )  
s o  t h a t  i n  p a r t i c u l a r  
% ( L , I )  = -B( I ,o )  + 3cl) - tc-1,1) (1 .38a)  
Z ~ L , O )  = -8(1,1) + a ( l )  - a( -4 .0 )  . (1 .38b)  
T h e r e f o r e  t h e  e f f e c t  o f  t h e  i n v e r s i o n  o p e r a t i o n  is t o  in-  
t e r c h a n g e  t h e  s u b l a t t i c e  l a b e l s  K =. 0 , l  and t a k e  a ( l )  
i n t o  - s ( I )  . T h i s  p o i n t  w i l l  b e  i m p o r t a n t  la ter  i n  t h e  
s e c t i o n  on n o n l o c a l  d i p o l e s .  Thus f o r  t h e  i n v e r s i o n  opera -  
t i o n  a p p l i e d  t o  t h e  f o r c e  c o n s t a n t s ,  . (1.3.9) becomes 
4 a B ( ~ ~ l ~ ' ~ ' )  - 4 ( L K ~ I ' K ' )  , 
a8 ( 1 . 3 9 )  
or more e x p l i c i t l y  u s i n g  ~ q .  (1.38) 
( A , o ~ ~ ' , o )  a ( - k 7 1  1-1',1) ( 1 . 4 0 a )  
( ~ , 0 I ~ ' , l )  = 4 ( - L 7 1  1-I',o) 
a8 (1 .40b)  
S c h e m a t i c a l l y ,  w e  can write t h e  dynamical matrix, 
Eq. (1 .211 ,  i n  block form 
The H e r m i t  lan property ,  Eq. ( 1 . 2 7 ) ,  is 
Consider 
u s i n g  E q .  ( 1 . 4 0 d )  w e  have 
u s i n g  l a t t i c z  t r a n s l a t i o n  symmetry, Eq.  ( 1 . 2 2 ) ,  and r e l a b e l -  
i n g  t h e  summation v a r i a b l e s  w e  o b t a i n  
~ ~ ~ ( 1 , l l ~ )  = D:, ( 0 , o l i b  . (1 ,44 )  
Consider  next  
using E q .  ( 1 . 4 0 ~ )  we have 
a g a i n  u s i n g  la t t ice  t r n u l a t i o n  a y n n e t r y  p l u s  r e l a b e l i n g  
t h e  summation variables w e  o b t a i n  
Combining Eqs. ( 1 . 4 2 ~ )  and ( 1 . 4 7 )  w e  f u r t h e r  o b t a i n  t h a t  
In summary, t h e  form o f  t h e  dynamica l  matrix is reduced  t o  
w i t h  B ( o , o ( ~ )  Hermi t i an  and B ( 0 , l  lit) symmet r i c .  l6 T h i s  
form h o l d s  for  any la t t ice  w i t h  two l ike atoms p e r  u n i t  
c e l l  t h a t  are i n t e r c h a n g e d  by t h e  i n v e r s i o n  o p e r a t i o n .  
CONTRIBUTIONS TO THE DYNAMICAL MATRIX 
S i n c e  t h e  p o t e n t i a l  e n e r g y  c a n  be w r i t t e n  a s  a sum o f  
c o n t r i b u t i o n a  f r c 2  v a r i o u a  type. of  i n t e r a c t i o n m ,  t h e  f o r c e  
c o n a t a n t a  Eq.  (1.17) and t h e  dynamical  m a t r i x  Eq.  (1.21) 
c a n  a lso be  w r i t t e n  am a sum of c o n t r i b u t i o n a  from t h e  
v a r i o u 8  i n t e r a c t i o n s .  T h i 8  allows a e p a r a t e  computa t ion  o f  
t h e  c o n t r i b u t i o n  t o  t h e  dynamica l  matrix from e a c h  t y p e  of 
i n t e r a c t i o n ,  and t h e  t o t a l  dynamica l  m a t r i x  c a n  t h e n  be 
o b t a i n e d  by summing t h e  d i f f e r e n t  c o n t r i b u t i o n s .  
For  t h e  model c o n s i d e r e d  h e r e ,  w e  d i v i d e  t h e  p o t e n t i a l  
ene rgy  i n t o  a s h o r t - r a n g e  p a r t  and a long-range d i p o l e -  
d i p o l e  p a r t  s o  t h a t  
S . R .  dd 
O2 - + O 2  D 
and w e  m ~ d e l  t h e  s h o r t - r a n g e  c o n t r i b u t i o n  by 
lo 2O 3 O  Here t2  , t2  , # 2  and 0 2  4 O  are t h e  harmonic c o n t r i b u -  
t i o n s  t o  t h e  p o t e n t i a l  e n e r g y  from f i r s t ,  second,  t h i r d  
and f o u r t h  ne ighbor  c e n t r a l  p o t e n t  i n 1  i n t e r a c t  i o n s ,  4:' ) 
is t h e  harmonic c o n t r i b u t i o n  from n e a r e s t  ne ighbor  a n g l e  
bending and # 2  dd is t h e  harmonic p a r t  of  t h e  long-range,  
i lonlocal  d i p o l e -  d i p o l e  i n t e i o a c t  i o n  e n e r g y .  
Using t h e  same n o t a t i o n ,  w e  l a b e l  t h e  c o n t r i b u t i o n s  
t o  t h e  dynamical  m a t r i x  
w i t h  
We now proceea  t o  a d i s c u s s i o n  of t h e  v a r i o u s  terms i n  Bq. 
( 1 . 5 3 )  and then  t h e  d i p o l e - d i p o l e  p a r t  of E q .  ( 1 . 5 2 ) .  
CENTRAL POTENT IAL CONTR IBUT IONS TO THE DYNAMICAL UTR I X  
For a two body c e n t r a l  p o t e n t i a l  i n t e r a c t i o n ,  t h e  po- 
t e n t i a l  o n l y  depends on t h e  magnitude o f  t h e  s e p a r a t i o n  . ~ f  
t h e  atoms. Denoting t h e  p o t e n t i a l  f o r  an  atom of type  K 
i n t e r a c t i n g  wi th  a n  atom of  typo K ' a t  a d i s t a n c e  r 
from it  by m K K  , ( r )  , w e  can  write t h e  c r y s t a i  p o t e n t i a l  
energy due t o  c e n t r a l  p o t e n t i a l s  as 
where 
The f a c t o r  of 1 / 2  i n  f r o n t  of t h e  sum compensates f o r  
t h e  f a c t  t h a t  each i n t e r a c t i o n  is counted tw ice  i n  t h e  sum, 
t h e  prime on t h e  second sum means exc lude  terms wi th  
( 4 K )  = ( 4 ' ~ ' )  . 
Expanding t h e  p o t e n t i a l  m K K  ( r )  i n  powers of the d i s -  
placements l e a d s  t o  
+ (h igher  o r d e r  i n  d i sp lacements ) ,  (1 .56)  
w i t h  the e x p a n s i o n  c o e f f i c i e n t s  g i v e n  by 17  
x 6  
' ( r )  -- r ' K K  ' ' ( r ) ' ~ l r m $ ( ~ K l ~ ' K ' )  + 
and 
Here w e  have denoted  t h e  d e r i v a t i v e s  ty 
Using  E q s .  ( 1 . 5 4 )  and ( 1 . 5 6 )  w e  o b t a i n  t h e  harmonic c o n t r t -  
b u t i o n  to t h e  c r y s t a l  p o t e n t i a l  from c e n t r a l  p o t e n t i a l s  
We now proceed  to  compute t h i s  for first, second ,  t h i r d  
and f o u r t h  n e i g h b o r s .  
F IRST NE IGHBOR CONTR IGUT ION 
W r i t i n g  
w e  have upon e v a l u a t i n g  t h e  sum i n  Eq. (1 .59)  o v e r  n e a r e s t  
n e i g h b o r s  
4:" ( l , 0 I ~ + b i , 1 )  
where 
and 
- 3  f o r  1 < i < 4 .  i + 4  - - ( 1 . 6 2 b )  
The xi are t h e  t r a n s l a t i o n  v e c t o r s  t o  t h e  u n i t  c e l l s  of  
t h e  n e a r e s t  n e i g h b o r s  from t h e  atom o f  i n t e r e s t .  From t h e  
d e f i n i t i o n  E q .  (1 .57b)  w e  have t h e  l a t t i c e  t r a n s l a t i o n  
p r o p e r t y  
and t h e  f u r t h e r  p r o p e r t y  t h a t  

For  t h e  s a k e  of being e x p l i c i t ,  we have l a b e l e d  t h e  near-  
est neighbor  p o t e n t i a l  f u n c t i o n  ql ( r )  . The d e r i v a t i v e s  
are t o  be eva lua t ed  a t  t h e  n e a r e s t  neighbor  d i s t a n c e  Eq. 
( 1 . 9 a ) .  
S i n c e  Eq. (1 .18)  can  a l s o  be w r i t t e n  as 
i f  w e  now s u b s t i t u t e  t h e  normal node s o l u t i o n  Eq. (1 .19)  
i n t o  Eq. (1 .20)  w e  o b t a i n  t h e  r e l a t i o n  
where i t  is unders tood t h a t  w e  have s u b s t i t u t e d  t h e  normal 
mode s o l u t i o n  a f t e r  performing t h e  d e r i v a t i v e .  D i r e c t  com- 
p u t a t i o n  us ing  Eq. (1 .67 )  y i e l d s  
(1 .72b)  
Using Eqs. (1 .71)  and (1 .72) .  w e  o b t a i n  
Using t h e  m a t r i c e s  Eq.  (1.68), w e  have more e x p l i c i t l y  
,-. *- . -n , -P%nr"i, " P i  
SECOND NEIGHBOR CONTRIBUTION 
E v a l u a t i n g  t h e  eum i n  Eq. (1.59) o v e r  second  n e a r e s t  
n e i g h b o r s  w e  o b t a i n  
where 
and 
-+ + 
P i 4 2  - -Pi  f o r  1 < i < 1 2  . - - (1 .75b)  
The Zi are t h e  p o s i t i o n  v e c t o r s  t o  t h e  second  nea r -  
est n e i g h b o r s  from t h e  atom of i n t e r e s t .  I n  t h i s  case, 
-b 
t h e  k i  f o r  1 < i < 12 a r e  t h e  p o s i t i o n  v e c t o r s  from 
- - 
t h e  o r i g i n  t o  t h e  rwe lve  n e a r e s t  f a c e  c e n t e r e d  s i tes .  
Using Eqs.  ( 1 . 6 3 ) ,  ( 1 . 6 4 )  and ( 1 . 7 5 b )  ae have 
So we c a n  write E q .  ( 1 . 7 4 )  ae 
Not ing  t h a t  
we o b t a i n  
There fore  w e  o n l y  need compute s i x  m a t r i c e s .  Us ing  E q .  
( 1 . 5 7 b )  one  o b t a i n s  
; ( 0 9 ~ / b 1 9 ~ )  = $ ( o , o l ~ ~ , o )  -
O O X  
; ( o , o J P ~ , o )  - 7 ( 0 , 0 ( ~ ~ , 0 )  - 
O O h  
Here w e  have d e f i n e d  t h e  f o r c e  c o n s t a n t s  p , v  and X as 
Again,  f o r  t h e  s a k e  o f  b e i n g  e x p l i c i t ,  w e  have  l a b e l e d  t h e  
second  n e i g h b o r  p o t e n t i a l  f u n c t i o n  m Z ( r )  . The d a r i v a t i v e s  
a r e  t o  be e v a l u a t e d  a t  t h e  second n e a r e s t  n e i g h b o r  d i s t a n c e  
Eq. ( 1 . 9 b ) .  Direct computa t ion  u s i n g  Eq. ( 1 . 7 7 )  y i e l d s  
Using Eqs. ( 1 . 7 1 )  and ( 1 . 8 2 )  w e  o b t a i n  
The f i r s t  e q u a t i o n  e x p r e s s e s  t h e  f a c t  t h a t  t h e  second  
ne ighbor  i n t e r a c t  i o n  p roduces  no c o u p l i n g  between t h e  
K = 0 and K = 1 f c c  s u b l a t t i c e s .  I n  o b t a i n i n g  t h e  second  
e q u a t i o n  w e  have a l s o  used Eqs. (1.78) and ( 1 . 7 9 ) .  
TH IRD NEIGHBOR CONTR IBUTION 
E v a l u a t i n g  t h e  mum i n  Eq.  (1.59) o v e r  t h i r d  n e a r e s t  
n e i g h b o r s  w e  o b t a i n  
where 
and 
The are t h e  t r a n s l a t i o n  v e c t o r s  t o  t h e  u n i t  ce l l s  of 
t h e  t h i r d  n e a r e s t  ne ighbors  from t h e  atom o f  i n t e r e s t .  
Using E q s .  ( 1 . 6 3 ) ,  ( 1 . 6 4 )  and ( 1 . 8 5 b )  w e  have 
So we can  write Eq .  ( 1 . 8 4 )  as 
From t h e  d e f i n i t i o n  E q .  ( 1 . 5 7 b )  w e  compute t h e  t w e l v e  
matrices gag ( 0 , 0 1 r i , l )  and e x h i b i c  them e x p l i c i t l y  
Here w e  have d e f i n e d  t h e  f o r c e  c o n a t a n t s  O t ~ O t b O t O  as 
Again,  t o  be e x p l i c i t ,  w e  have l a b e l e d  t h e  t h i r d  ne iyhbor  
p o t e n t i a l  f u n c t i o n  r . The d e r i v a t i v e s  are to be 
e v a l u a t e d  a t  t h e  t h i r d  ne ighbor  d i s t a n c e  E q .  ( 1 . 9 ~ ) .  
Direct computat ion  u s i n g  E q .  ( 1 . 8 7 )  y i e l d s  
90 
Using Eqs. ( 1 . 7 1 )  and ( 1 . 9 0 )  w e  o b t a i n  
Addition of the matrices Eq. (1.88) gives more explicitly 
-.'i_*- L ."- 
- . .,-... - I;. &*eel& .. ,-'?re% x .. 
FOURTH NEIGHBOR CONTRIBUTION 
E v a l u a t ? n g  t h e  sum i n  Eq. ( 1 . 5 9 )  o v e r  f o u r t h  n e a r e s t  
n e i g h b o r s  w e  o b t a i n  
where 
-t + 
A i + 6  a - A i  f o r  l <  - i < 6 .  - (1 .93b)  
The xi are t h e  p o s i t i o n  v e c t o r s  t o  t h e  f o u r t h  n e a r e s t  
n e i g h b o r s  from t h e  atom of  i n t e r e s t .  In t h i s  case, t h e  
+ 
A i f o r  1 < i < 6 are t h e  p o s i t i o n  v e c t o r s  from t h e  - - 
o r i g i n  t o  t h e  s i x  n e a r e s t  s i m p l e  c u b i c  l a t t i ce  s i tes .  
Not ing  t h a t  
( e , o l e + ~ ~ , O )  = gag ( O , O I A ~ , )  ( 1 . 9 4 ~ ~ )  
ore 
w e  c a n  write E q .  ( 1 . 9 2 )  a s  
S i n c e  from Eqs.  (1 .93a1 ,  (1.63) and ( 1 . 6 4 )  
w e  o n l y  need compute t h r e e  matrices. Using Eq. ( 1 . 5 7 b )  
one o b t a i n s  
Here w e  have de f  iiled t h e  f o r c e  c o n s t a n t s  p u  and 1" a s  
The f o u r t h  ne ighbor  , ~ o t e n t  i a 2  f u n c t i o n  w e  have  A' h e l e d  
m 4 ( r )  and t h e  d e r i v n t i v e s  a r e  t o  be e v a l u a t e d  a t  t h e  
f o u r t h  n e i g h b o r  d i s t a n c e ,  which is t h e  c o n v e n t i o n a l  cube  
e d g e .  ( s e e  F i g .  2) 
One comment is appropriate a t  t h i s  p o i n t .  Our nota- 
t i o n  f o r  t h e  f o r c e  constant., E q s . ( 1 . 6 9 ,  1 . 8 1 ,  1 . 8 9 ,  1 . 9 8 ) ,  
has been chosen t o  agree  with t h e  paper by Herman. 18 
Direct computation us ing Eq. ( 1 . 9 5 )  y i e l d s  
Using E q s .  ( 1 . 7 1 )  and ( 1 . 9 8 )  w e  ob ta in  
L e t t  ing 
w e  obta in  the  more e x p l i c i t  form 
w i t h  
4" + 4 1 .  2(* ia )  . 1(*2.) . ~ ( * 3 ~ ) 1  
~ ~ ~ ( 0 , 0 ( k )  - P rr s i n  +A s i n   *r s i n  -2- 
E q .  ( 1 . 1 0 0 a )  e x p r e s s e s  t h e  f a c t  t h a t  t h e  f o u r t h  neighbor 
i n t e r a c t i o n  produces no c o u p l i n g  between t h e  K - 0  and 
K = 1 s u b l a t t i c e s .  In o b t a i n i n g  E q .  ( 1 . 1 0 0 b )  w e  have a l s o  
used E q s .  ( 1 . 9 3 a )  and ( 1 . 9 6 ) .  
ANGLE BENDING CONTRIBUTION 
The a n g l e  bending c o n t r i b u t  i o n  t o  t h e  p o t e n t i a l  e n e r g y  
is a t h r e e  body f o r c e .  The r e a s o n  f o r  t h i s  is t h a t  t h r e e  
p o i n t s  are n e c e s s a r y  t o  d e f i n e  a n  a n g l e .  Because of t h i s  
f e a t u r e ,  t h e  a n g l e  bending c o n t r i b u t i o n  t o  t h e  dynamical  
m a t r i x  r e q u i r e s  much more c o m p u t a t i o n a l  e f f o r t  t o  o b t a i n  
t h a n  t h e  c e n t r a l  p o t e n t i a l  c o n t r i b u t i o n s .  For  r e f e r e n c e  
p u r p o s e s  w e  i n c l u d e  a  more comple te  d i s c u s s i o n  o f  a n g l e  
bending i n  Appendix A .  I n  t h i s  s e c t i o n  we o n l y  o u t l i n e  t h e  
r e s u l t s  found t h e r e .  
We c o n s i d e r  "pure" a n g l e  bending of t h e  form 
,. 
The S i  are g i v e n  by Eqs. ( 1 . 6 2 ) .  Here w e  have d e f i n e d  
S B ( L K ~ ~ ~ K ' ~ A " K " )  a s  t h e  change i n  a n g l e  between t h e  atoms 
(10 , ( L ' K * )  and ( k " ~ " )  , having ( E K )  a t  t h e  v e r t e x ,  
produced by t h e  r e s p e c t i v e  l a t t i c e  d i s p l a c e m e n t s .  (see F i g .  
5 )  The form of Eq .  ( 1 . 1 0 4 )  is a p p r o p r i a t e  t o  " n e a r e s t  
F i g u r e  5 .  The a n g l e  ~ ( ~ K ~ A ' K ' ( A ~ K " )  between any 
t h r e e  atoms i n  t h e  c r y s t a l .  A t o m  ( A K )  is at  t h e  v e r t e x  
o f  t h e  a n g l e .  
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ne ighbor"  a n g l e  bending.  There  are s i x  t e t r a h e d r a l  a n g l e s  
per a,om and t w o  a t o m  per u n i t  ce l l ,  t h u s  t w e l v e  terms p e r  
u n i t  ce l l .  
A t  t h i s  p o i n t  w e  would l i k e  t o  make a few comments. 
There  is some c o n f u s i o n  i n  t h e  l i t e r a t u r e  c o n c e r n i n g  what 
is meant by n e a r e s t  ne ighbor  n o n c e n t r a l  force. A s  w e  w i l l  
see, o u r  " n e a r e s t  ne ighbor"  a n g l e  bending p o t e n t  la1  w i l l  
c o u p l e  atoms t h a t  are f i r s t  n e i g h b o r s  as w e l l  as atoms t h a t  
are second  n e i g h b o r s ,  s o  i n  t h i s  s e n s e  i t  is n o t  a  p u r e l y  
n e a r e s t  ne ighbor  i n t e r a c t  i o n .  T h i s  p o i n t  w a s  no ted  by 
Herman. l9 However there is a  d i f f e r e n c e  between c e n t r a l  
p o t e n t i a l s  and what  are termed c e n t r a l  f o r c e s .  We may see 
t h i s  by c o n s i d e r i n g  t h e  f o r c e  on a n  atom o f  t y p e  K = 0 
produced by a v a r  iat  i o n a l  d i s p l a c e m e n t  of its n e a r e s t  
n e i g h b o r  i n  t h e  same u n i t  c e l l ,  a l l  o t h e r  d i s p l a c e m e n t s  
b e i n g  z e r o .  We have from Zq. ( 1 . 7 2 a )  
The l i n e  j o i n i n g  t h e  c e n t e r  o f  t h e  two atoms is 
I 
a n d  a d i s p l a c e a e n t  p a r a l l e l  t o  t h e  l i n e  o f  c e n t e r s  is 
T h i s  d i s p l a c e m e n t  produces  t h e  f o r c e  
where w e  have used Eqs . (1 .68)  and (1.69) .  
A d i s p l a c e m e n t  p e r p e n d i c u l a r  t o  t h e  l i n e  o f  c e n t e r s  
3 6 
u ( L , 1 )  = u L ( e 2  - i 3 )  , 
as can  be  e a s i l y  s e e n  s i n c e  
u - o . 
F o r  t h i s  d i s p l a c e m e n t  w e  o b t a i n  
where a g a i n  w e  have used Eqs . (1 .68)  and ( 1 . 6 9 ) .  For  a 
" c e n t r a l f f  f o r c e ,  a d i s p l a c e m e n t  p e r p e n d i c u l a r  t o  t h e  l i n e  
o f  c e n t e r s  of two atoms must produce  no f o r c e .  F o r  t h e  
c e n t r a l  p o t e n t i a l  t o  be a " c e n t r a l "  f o r c e ,  w e  see from 
Eq.  ( 1 . l l l a )  t h a t  t h i s  r e q u i r e s  a = P . This a g r e e s  w i t h  
t h e  form of t h e  matrices Eq. ( 1 . 6 8 )  e x h i b i t e d  by Herman 20 
f o r  t h e  caae of  c e n t r a l  f o r c e s .  If @i(ro)  # 0  w e  see 
from Eq. ( 1 . l l l b )  t h a t  t h e  c e n t r a l  p o t e n t i a l  c a n  produce  a 
n o n c e n t r a l  f o r c e .  If  o n l y  n e a r e e t  n e i g h b o r  c e n t r a l  po- 
t e n t i a l  i n t e r a c t i o n s  were p r e s e n t ,  t h e  c o n d i t i o n  o f  mini-  
mum p o t e n t i a l  e n e r g y  would r e q u i r e  @; (ro) = 0 , b u t  i n  
t h i s  c a s e  t h e  l a t t i c e  is u n s t a b l e ,  as w e  w i l l  see la te r .  
I f  i n  a d d i t  i o n  second  n e i g h b o r  c e n t r a l  p o t e n t  la1 i n t e r a c -  
t i o n s  are p r e s e n t ,  t h e  c o n d i t i o n  of  minimum p o t e n t i a l  
e n e r g y  d o e s  n o t  r e q u i r e  0  - 0  . Prov ided  @i(ro)  is 
n o t  z e r o ,  w e  have a n  example  3f a first ne ighbor  nonce i l t r a l  
force.  The somewhat m i s l e a d i n g  s t a t e m e n t  h a s  been made by 
  eat ing2' t h a t ,  " t h e r e  are no n o n c e n t r a l  p u r e l y  f i r s t -  
n e i g h b o r  i n t e r a c t i o n s  p r e s e n t  i n  any n o n m e t a l l i c  c r y s t a l  ." 
Concerning t h i s  ~ u d a i g ~ l  h a s  commented, " th i r :  is o b v i o u s l y  
n o t  ~ o r r e c t . ~ '  We a l s o  n o t e  a t  t h i s  p o i n t  t h a t  tile non- 
c e n t r a l  f o r c e  used by Kea t ing  is n o t  "pure" a n g l e  bend ing .  
H i s  n o n c e n t r a l  c o e f f i c i e n t  @ e n t e r s  i n t o  t h e  e x p r e s s i o n  
f o r  t h e  bu lk  modulus, whereas "pure" a n g l e  bending does  
n o t  c o n t r i b u t e  t o  t h e  bu lk  modulus. T h i s  is s o  because  a n  
i s o t r o p i c  iiomogeneous d e f o r m a t i o n  l e a v e s  z l l  a n g l e s  i n  t h e  
c r y s t a l  unchanged, and t h e r e f o r e  any p o t e n t i a l  e n e r g y  which 
o n l y  i n v o l v e s  changes  i n  a n g l e s  w i l l  be z e r o  u n d e r  t h i s  
t y p e  of d e f o r m a t i o n .  The p o t e n t i a l  used  h e r e ,  Eq .  (1 .104) ,  
is a n  example of "pure" a n g l e  bending.  
Now t o  be more p r e c i s e  
he ( L K  
where 
and 
-+ Here d e n o t e s  t h e  magnitude o f  t h e  v e c t o r  x . The 
e q u i l i b r i u m  a n g l e s  are g i v e n  by Eq. (1 .113)  when a l l  a toms 
a r e  i n  t h e  rest p o s i t i o n s  
Note t h e  symmetry p r o p e r t y  which f o l l o w s  from Eq. (1 .113)  
c o s  ~ ( L K I L ' u ' I L ~ K " )  - cos e ( h ~ J h " ~ " J 4 ' ~ ' )  . (1 .116)  
From Eqs.  (1 .112-1.115) it is clear t h a t  i n  g e n e r a l  
A ~ ( L K I L ' U ' I L ~ K " )  is a n o n l i n e a r  f u n c t i o n  o f  t h e  d i s p l a c e -  
ments  ua(LK) . Thus o u r  p o t e n t i a l  Eq. (1 .104)  c o n t a i n s  
anaharrnonir  t e r m s .  Provided t h a t  I;(,~K J A ' K '  1 + / X ( & K  1 4 ' ~ ~ )  1 
is s m a l l  compared t o  one, w e  c a n  o b t a i n  a n  e x p r e s s i o n  f o r  
t h e  change i n  a n g l e ,  c o r r e c t  t o  f i r a t  o r d e r  i n  t h e  d i a -  
p l a c e m e n t s  
where we have d e f i n e d  
From t h e  form of  Eq. (1 .117 )  w e  see t h a t  t h e  a n g l e  change 
depends  on  t h e  d i f f e r e n c e  of d i s p l a c e m e n t s  of atoms from 
t h e  v e r t e x  atom. 
Direct computa t ion  u s i n g  E q .  ( 1 . 1 1 5 )  g i v e s  
c o s  0 ( o )  = - 113 
w i t h  
T h i s  a n g l e  is t h e  t e t r a h e d r a l  a n g l e  and is t h e  same f o r  each 
of t h e  t w e l v e  terms i n  Eq. ( 1 . 1 0 4 ) .  As a n  example,  u a i n g  
Eq. (1.117) we f i n d  
so t h a t  
CK 
This  term o n l y  c o u p l e s  n e a r e s t  n e i g h b o r s .  The f irst  s i x  
terms i n  E q .  (1.104) arc o f  t h i s  t y p e .  However t h e  s econd  
s i x  terms i n  E q .  (1.104) a r e  d i f f e r e n t  when d i f f e r e n t i a t e d  
as a b o v e .  Cons ider  
which g i v e s  upon d i f f e r e n t i a t i o n  
T h i s  t y p e  of  term c o u p l e s  atoms t h a t  are second  n e i g h b o r s  
as w e l l  as atoms t h a t  are f i r s t  n e i g h b o r s ,  e . ,  t h e  atom 
a t  g ( l -b6+bg ,0 )  is a second n e i g h b o r  t o  t h e  atom a t  
3(1,0) , and s i m i l a r l y  f o r  B(k-hg+b6,0).  ) T h e r e f o r e  w e  
see e x p l i c i t l y  how t h e  " n e a r e s t  ne ighbor"  a n g l e  bending 
p o t e n t i a l  c o u p l e s  atoms t h a t  a r e  f i r s t  n e i g h b o r s  as w e l l  as 
atoms t h a t  a r e  second n e i g h b o r s .  
By s u c c e s s i v e  e v a l u a t i o n  o f  each term i n  E q .  (1 .104)  
u s i n d  Eqs. (1.117-1.118) and t h a n  d i f f e r e n t i a t i o n  of each 
term, a p p l y i n g  Eq .  ( 1 . 7 1 )  w e  c a n  o b t a i n  t h e  a n g l e  bending 
c o n t r i b u t i o n  t o  t h e  dynamical  m a t r i x .  T h i s  is a t e d i o u s  
e x e r c i s e  s o  w e  p r e s e n t  t h e  r e s u l t s  h e r e  f o r  r e f e r e n c e  pur- 
poses. 
a 
-b 40 + 
o:;)(o,olf)  - - CO. reif, + COS k-a3 I 
-b 
D::' ( o , o ~ z )  - - & cos k * a 2  6 cos t* (X3-d4) 
2i.0 2 i 0  
- -3M s i n  it* (a2-'g3 )+ s i n  %* (x2-x4)  
-b 2 i o  -* 2i3 s i n  k*X3 + s i n  k*X4 1- TiT 
2 i a  -* 2 i c  s i n  - s i n  klT3 
2 i c  210 s i n  i;, (3 -7 - s i n  $9 (it2-a4)J I+ ?M 3 4 
I + 4~ 3 A! cos $*a4 + g C O S  i f .  (X2-X3) 
0 + D::)(o,oJ~~) - - coa k9z3 + + - c o @  P.(a -a ) 3116 2 4 
licr t. (a2-a3) - , [- 2i0 .in cl 
2 i o  + - s i n  Z?X2 - - 3M "'a i n  i;@T4 3M 
(1 .124f )  
( e ) ( ~ 9 ~ l Z )  - D3 1 (1.124g) 
D$:'(o,o(z) - (1.124h) 
28u + 3 cos z.a, - 2 ... z.a3 3M 
- Q c o s  Z?X4 - " cos i ; ~  (a2-X3) 3M 3M 
3M - 9- cos i;*(X2-X4) + 3 cos 
Eqs. (1 .124d,g ,h)  were computed e x p l i c i t l y  a s  a  check on 
t h e  a l g e b r a .  They a r e  a l s o  a consequence of t h e  Hermitian 
p rope r ty  of t h e  dynamical mat r ix  Eq. (1 .42a ) ,  which must be 
obeyed f o r  each  c o n t r i b u t i o n  t o  t h e  dynamical ma t r ix .  
S i m i l a r l y  we have 
Again, E q s .  ( 1 . 1 2 5 d , g , h )  were computed e x p l i c i t l y  as a 
chock on t h e  a l g e b r a ,  t h e y  are a l s o  a consequence  of Eq. 
( 1 . 4 8 ) ,  which must be s a t i s f i e d  f o r  each  c o n t r i b u t i o n  to 
t h e  dynamical  matrix. The xi i n  Eqs.  ( 1 . 1 2 5 - 1 . 1 2 6 )  a r e  
give:  by Eq. ( 1 . 6 2 a ) .  Note a l s o  t h a t  our  parameter o is 
6Q i n  t h e  n o t a t i o n  o f  Herman. 23 
LONG-RANGE CONTRIBUTION TO THE DYNAMICAL MATR IX 
The p o s s i b i l i t y  o f  c o m p a r a t i v e l y  long-range f o r c e s  i n  
divmond s t r u c t u r e  c r y s t a l s  h a s  a n  i n t e r e s t i n g  h i s t o r y .  The 
f i r s t  l a t t ice  dynamical  i n v e s t i g a t i o n  of t h e  diamond s t r u c -  
t u r e  w a s  by Max Born. 24 H e  c o n s i d e r e d  t h e  most g e n e r a l  
n e a r e s t  n e i g h b o r  i n t e r a c t  i o n s  c o n s i s t e n t  w i t h  syrrmr~: t r y .  
The r e s u l t s  fo r  t h e  elaetic c o n s t a n t s  and Raman f r e q u e n c y  
i n  t h i s  model are 
Here a and B are t h e  t w o  n e a r e s t  n e i g h b o r  f o r c e  con- 
s t a n t s .  S i n c e  t h e r e  are o n l y  t w o  p a r a m e t e r s  i n  t h i s  model, 
t h i s  l e a d s  t o  a r e l a t i o n  between t h e  e las t ic  c o n s t a n t s  
known as t h e  Born i d e n t i t y  
and a l s o  t h e  Raman f r e q u e n c y  
When t h e  f i r s t  measurements  o f  t h o  elast ic  c o n s t a n t s  
for  d!.amond become a v a i l a b l e ,  ~ o r n ~ ~  e v a l u a t e d  t h e  l e f t -  
hand s i d e  of Eq. (1 .127)  and o b t a i n e d  t h e  v a l u e  1 . 1 0  in-  
stead of 1. T h i s  seemed r a t h e r  good agreement ,  y e t  t h e  
t e n  p e r  c e n t  d i s c r e p a n c y  cauoed Born t o  q u e s t i o n  whether  
second  n e i g h b o r  f o r c e s  c o u l d  improve matters. As i t  t u r n e d  
o u t ,  t h e  v a l u e  of 1.10 was f o r t n i t o u s  s i n c e  l a te r  more 
c a r e f u l  m e a e u r e r n e n t ~ ' ~  s h o r e d  t h e  e a r l y  v a l u e  o f  CI2 t o  
b e  more t h a n  a f a c t o r  o f  t h r e e  t o o  l a r g e ,  t h e  v a l u e s  of 
cll and C44 a l s o  had large e r r o r s .  Using t h e  e x p e r i -  
men ta l  v a l u e s 2 7  f o r  diamond, s i l i c o n  and germanium, re 
e v a l u a t e  Eqs. ( 1 . 1 2 7 )  and ( 1 . 1 2 8 )  and compare t o  exper iment  
i n  Tab le  1. 
TABLE 1.  
- 
Comparison of B r n  i d e n t i t y  Eq. (1 .127)  and Raman 
frequency Eq.  (1.128 with experiment. Frequencies i n  
radians/sec . 
-c ) x l l ( C 1 l  44 
- 
Crystal  ( C ~ I + C I Z ) ~  %A (expt . ) 
Diamond 1 . 4 9  3 . 9 2 ~ 1 0 ' ~  2 . 5 1 ~ 1 0 ~ ~  
S i l i c o n  1 . 0 9  1 . 2 4 ~ 1 0 ~ ~  9 . 7 9 ~ 1 0  13 
Germanium 0.995 6 . 9 5 ~ 1 0 ' ~  5 . 6 6 ~ 1 0  13 
- a -  .-.--.--,.?*.-. 
^ C * . F  .. rr 
# 
I 
As c a n  be s e e n  from T a b l e  1, t h e  agreement  w i t h  exper iment  
i is t h e  worst fo r  diamond and t h e  bemt f o r  germanium. T h i e  
J 
shows t h e  inadequacy o f  t h e  n e a r e s t  n e i g h b o r  model t o  I P
a c c o u n t  fo r  even  t h e  l o b g  wave leng th  v i b r a t i o n s  of t h e  
c r y s t a l ,  though t h e  agreement  f o r  s i l i c o n  and germanium is 
r e s p e c t a b l e  c o n s i d e r i n g  t h e  s i m p l i c i t y  o f  t h e  m ~ d e l  . 
28 Helen Smi th ,  c o l l a b o r a t i n g  w i t h  Born, worked o u t  t h e  
I t h e o r y  fo r  t h e  case o f  first and second  n e i g h b o r  i n t e r a c -  
t i o n s .  H e r  s econd  ne ighbor  f o r c e  c o n s t a n t  matrices a r e  n o t  
t h e  most g e n e r a l  a l lowed  by symmetry 29 and n e g l e c t  t h e  
a n t i s y m m e t r i c  second  n e i g h b o r  f o r c e  c o n s t a n t .  Using a  
t h r e e  pa ramete r  v e r s i o n  o f  t h e  model deve loped  by Smith ,  
~ e i e h ~ '  f i t  t h e  t h r e e  e las t ic  c o n s t a n t s  of s i l i c o n  and 7 
1 germanium and computed t h e  s p e c i f i c  h e a t  o f  t h e s e  c r y s t a l s .  
Hs ieh  found t h a t  t h e  c a l c u l a t e d  s p e c i f i c  h e a t  v a l u e s  were 
I 
w e l l  below t h e  e x p e r i m e n t a l  v a l u e s ,  even a t  t e m p e r a t u r e s  
a s  low a s  60K , t h e  d i s c r e p a n c y  i n c r e a s i n g  w i t h  i n c r e a s -  
i n g  t e m p e r a t u r e #  T h i s  w a s  a n  i n d i c a t i o n  t h a t  t h e  normal 
mode f r e q u e n c i e s  i n  t h e  rest of  t h e  B r i l l o u i n  zone  were 
c o n s i d e r a b l y  smaller t h a n  those e x p e c t e d  from t h e  f i r s t  
I a n d  second  n e i g h b o r  model. 
When phonon d i s p e r s i o n  c u r v e s  became a v a i l a b l e  from 
n e u t r o n  s c a t t e r i n g  s t u d i e s ,  d e t a i l e d  compar ison between 
l a t t i ce  model p r e d i c t i o n s  and exper iment  w a s  p o s s i b l e  f o r  
s h o r t  wave leng th  modes. ~ e r m a n ~ '  p r e s e n t e d  a n  a n a l y s i s  o f  
diamond s t r u c t u r e  c r y s t a l s  u s i n g  g e n e r a l  f o r c e s  between 
first th rough  s i x t h  n e i g h b o r s .  H e  ahowed t h a t  it w a s  
necemsrry t o  i n c l u d e  i n t e r a c t i o n s  to a t  leret f i f t h  ne igh-  
bors i n  o r d e r  t o  f i t  t h e  t h r e e  elast ic c o n s t a n t s ,  t h e  R a m n  
f r e q u e n c y  and t h e  LA and TA f r e q u e n c i e s  a t  t h e  [111] 
zone  boundary of  germanium. 
I n  a t t e m p t s  t o  r e d u c e  t h e  number of parameters re- 
q u i r e d  t o  f i t  t h e  phonon d i e p e r s i o n  c u r v e  d a t a ,  s e v e r a l  
32 l a t t i c e  dynamical  models have  been i n t r o d u c e d .  Lax in-  
c l u d e d  d i s p l a c e m e n t  induced quadrupole-quadrupole  i n t e r -  
a c t i o n s  between a toms.  T h i s  was a n  a t t e m p t  t o  i n c l u d e  l o n g  
r a n g e  i n t e r a c t  i o n s  w i t h i n  t h e  a d i a b a t i c  approximat  i o n .  The 
s h e l l  a l s o  i n c l u d e s  long-range  e l e c t r o s t a t i c  in -  
t e r a c t i o n s ,  b u t  i n t r o d u c e s  e l e c t r o n  c o o r d i n a t e s  which are 
t h e n  e l i m i n a t e d  a d i a b a t i c a l l y  , The bond-charge is 
similar t o  t h e  s h e l l  model b u t  e s p l o y s  p o i n t  c h a r g e s  be- 
tween t h e  i o n s  t h a t  a r e  a l lowed  t o  move a d i a b a t i c a l l y ,  
F i n a l l y  there a r e  t h e  v a l e n c e  f o r c e  models35 which d e s c r i b e  
t h e  f o r c e s  between atoms i n  terms of  bond s t r e t c h i n g ,  bond 
a n g l e  bending and combina t ions  of t h e  t w o .  
In  e a c h  o f  t h e  above models i+ was found  n e c e s s a r y  t o  
i n c l u d e  i n t e r a c t i o n s  of  some t y p e  t o  a t  least f i f t h  n2igh- 
b o r s  i n  o r d e r  t o  f i t  t h e  phonon d i s p e r s i o n  c u r v e s  and t h e  
e las t ic  c o n s t a n t s .  Each of t h e  models  h a s  a t t e n d a n t  
s t r e n g t h s  and weaknesses .  S i n c e  t h e  a u t h o r  wanted R har -  
monic model t . ~  use  f o r  computing anharmonic p r o p e r t i e s ,  
none of  t h e  above models were c o n s i d e r e d  s a t i s f a c t o r y  f o r  
thim purpose .  Therefore  re have invemtigated a model mug- 
gemted by t h e  work c f   ax,^^ but w i t h  very  d i f f e r e n t  con- 
sequences  than h i a  quadrupole model .  
NONLOCAL D IPOLE WDEL 
The preoence  o f  a la t t ice  d i s p l a c e m e n t  c a n  d i s t o r t  t h e  
e l e c t r o n  c h a r g e  d e n s i t y  i n  t h e  v i c i n i t y  of  a d i s p l a c e d  i o n .  
T h i s  induced charge d e n s i t y  c a n  t h e n  i n t e r a c t  e l e c t r o -  
s t a t i c a l l y  w i t h  a  c h a r g e  d i s t o r t i o n  produced by a n o t h e r  
d i s p l a c e d  atom, g i v i n g  r ise t o  long-range  i n t e r a c t  i o n s .  
How i m p o r t a n t  t h i s  e f f e c t  is s h o u l d  i n t u i t i v e l y  depend on 
how b i g  a c h a r g e  d i s t o r t i o n  is induced by a g i v e n  la t t ice  
d i s p l a c e m e n t ,  and ho-N e f f e c t i v e l y  t h i n  c h a r g e  d i s t o r t i o n  
is s c r e e n e d .  
To p u t  t h i s  c o n c e p t  on  a  f i r m e r  f o u n d a t i o n ,  i n  F i g u r e  
6 is p l o t t e d  t h e  v a l e n c e  c h a r g e  d e n s i t y  of diamond and 
s i l i c o n ,  as computed rb i n i t i o  from t h e  e l e c t r o n i c  t h e o r y  
of s o l i d s .  37 T h i s  is f o r  t h e  l a t t ice  w i t h  a l l  a toms i n  t h e  
rest p o s i t i o n s .  I n  F i g u r e  7 is t h e  induced c h a r g e  d e n s i t y  
f o r  s i l i c o n  due t o  t h e  p r e s e n c e  of a [ l o o ]  t r k n s v e r s e  zone 
boundary phonon. The induced c h a r g e  d e n s i t y  is t h e  d i f -  
f e r e n c e  i n  c h a r g e  d e n s i t i e s  between t h e  d i s t o r t e d  and un- 
d i s t o r t e d  la t t ices .  Note t h a t  t h e r e  is a  s t r i k i n g  d i p o l e  
c o n t r i b u t i o n  t o  t h e  induced c h a r g e  d e n s i t y ,  as w s l l  as con- 
t r i b u t i o n s  from h i g h e r  m u l t i p o l e s .  S i n c e  w e  o n l y  want t o  
model t h e  l o n g e s t  r a n g e  c o n t r i b u t i o n  t o  t h e  f o r c e s ,  w e  w i l l  
examine t h e  d i p o l e  c o n t r i b u t i o n  t o  t h e  induced c h a r g e  den- 
s i t y  i n  d e t a i l .  
We b e g i n  by w r i t i n g  t h e  d i g o l e  moment induced aSou t  
a tom ( 4 K )  due t o  l a t t ice  d i s p l a c e m e n t s  as 
F i g u r e  6 .  V a l e n c e  c h a r g e  d e n s i t y  for diamond and 
s i l i c o n .  U n i t s  are ( e / n o )  . ( C o u r t e s y  Y . T .  Yln, Ref. 37) 
Valence charge density ( I  I0 plane) 
F i g u r e  7. (1101 p l a n e  c h a r g e  d e n s i t y  induced i n  sili- 
con by t h e  premence o f  a TAX phonon. U n i t s  are ('/no) . 
0 
Ampli tude  o f  t h e  phonon is .077A . Atoms n o t  matched cor- 
r e s p o n d s  t o  t a k i n g  t h e  d i f f e r e n c e  i n  c h a r g e  d e n s i t i e s  w i t h  
and w i t h o u t  t h e  phcnon !ising t h e  same o r i g i n  o f  c o o r d i n a t e m .  
Atoms matched c o r r e s p o n d s  t o  t a k i n g  t h e  d i f f e r e n c e  in 
c h a r g e  d e n s i t i e s  w i t h  t h e  o r i g i n  o f  c o o r d i n a t e s  f o r  t h e  
phonon p r e s e n t  c h a r g e  denmity  s h i f t e d  s o  t h a t  t h e  atoms 
shown are  i n  t h e  o r  i g i n a l  u n d i s t o r t e d  p o s i t  ims. (Cour tesy  
M.T. Yin ,  Ref. 3 7 )  
(Atoms not matched) 
This  form has  been mentioned by ~ p x ~ ~  t o  j u s t i f y  h i s  
quadrupols  model. Although t h e  form of Eq. (1.129) is 
~ i m i l a r  t o  t h e  work o f    in nick,^^ o u r  i n t e r a c t i o n  energy is 
not t h e  same as h i s  and l e a d s  t o  rather d i f f e r e n t  conse- 
quences.  S ince  Eq. (1.129) had not been a p p l i e d  t o  t h e  
diamond s t r u c t u r e  i n  t h e  manner t h a t  w e  appi.y i t ,  i t  was 
c o t  known what e f f e c t  i t  ~ u l d  have on t h e  phonon spectrum.  
Therefore  w e  have no t  cons ida red  p o l a r i z a b i l i t y  e f f e c t s ,  
which i n  ou r  approach r e q u i r e s  c o n s i d e r a b l e  a d d i t i o n a l  
e f f o r t  t o  i nc lude .  
The t o t a l  d i p o l e  moment of  t h e  c rys ta l  may be w r i t t e n  
as 
s o  t h a t  
Def in ing  
The t r a n s f o r m a i i o n  p r o p e r t y  of  t h e  t o t a l  electric moment 
u n d e r  t h e  o p e r a t i o n  ( ~ i B ( s ) + A ( m ) ]  ( s e e  Eq. ( 1 . 3 4 ) )  l e n d s  
t o  40 
The s p e c i a l  case of a p u r e  la t t ice  t r a n s l a t i o n  by i f ( m )  
g i v e s  
so t h a t  M ( A K )  d o e s  n o t  depend on t h e  u n i t  c e l l  index .  
lr L' 
S i n c e  a n  a r b i t r a r y  u n i f o r m  t r a n s l a t i o n  of  t h e  c r y s t a l  as a 
whole must n o t  change t h e  t o t a l  d i p o l e  moment, w e  o b t a i n  
t h e  r e q u i r e m e n t  t h a t  
Using Eqs. (1 .135)  and ( 1 , 1 3 6 )  w e  a l s o  have 
This,  Is t h e  s t a t e m e n t  t h a t  t h e  p r i m i t i v e  u n i t  c e l l  is 
n e u t r a l  i f  Mas (0, K )  is t h o u g h t  of  a s  some t y p e  of  e f f e c -  
t i v e  c h a r g e .  Applying t h e  i n v e r s i o n  o p e r a t i o n  Eq. (1.36) 
y i e l r i s  
72 
With t h e  a d d i t i o n  o f  l a t t ice  t r a n s l a t i o n  i n v a r i a n c q  Eq. 
(1.135), we o b t a i n  
Map(O,O) - Mae(O'l) p 
so t h a t  Eq. (1.137) becomes 
MaB(0'0) ' 0 ' 
Eq. (1.140b) e x p r e s s e s  t h e  f a c t  t h a t  no l i n e a r  term i n  t h e  
t o t a l  e lectr ic  moment exshsts i n  diamond s t r u c t u r e  c r y s t a l s .  
T h i s  h a s  t h e  consequence  t h a t  t h e  i n f r a r e d  a b s o r p t i o n  
spec t rum must be  e x p l a i n e d  by two and h i g h e r  phonon pro- 
cesses, 41 a l t h o u g h  t h e  p r e s e n c e  of  i m p u r i t i e s  and s u r f  a c e s  
c a n  b reak  t h e  t r a n s l a t i o n  i n v a r i a n c e  and a l l o w  a  f i r s t  
o r d e r  moment ta e x s i s t .  
From Eqs. (1.140) and (1.132) w e  o b t a i n  f o r  diamond 
s t r u c t u r e  t h e  r e q u i r e m e n t  t h a t  
Note t h a t  Eq. (1.141) d o e s  n o t  r e q u i r e  t h a t  p,(lK) be 
z e r o  i n  t h e  b u l k  c r y s t a l .  T h i s  ~ u l d  o n l y  r e s u l t  i f  w e  
had u s e d  a  s t r i c t l y  l o c a l  form f o r  
'as 
(lKl4'~') , as used  
i n  t h e  work of T r u l l i n g e r .  42 
The t r ans fo rma t ion  p rope r ty  of t h e  d i p o l e  moment 
pa(llc) under t h e  o p e r a t i o n  ( s ~ ? ( s )  +a (m) ]  l e a d s  
The s p e c i a l  case of a pure lo t t lce  t r a n s l a t i o n  by x ( m )  
g i v e s  
s o  t h a t  i n  p a r t i c u l a r  
Thus w e  see t h a t  t h e  Siioment c o e f f i c i e n t s  t r a n s f w m  i n  the  
same manner as  t h e  second o r d e r  f o r c e  cons t an tg  Eq .  (1 .35) .  
However, t h e  moment c o e f f i c i e n t s  pa@ ( L K  ( 1 'K ' ) need not  
obey t h e  " f l i p 1 '  symmetry p rope r ty  Eq.  (1.26) t h a t  is obeyed 
by t h e  second o r d e r  f o r c e  c o n s t a n t s .  
Consider  now t h e  moment c o e f f i c i e n t s  a p p r o p r i a t e  t o  
t h e  c a s c  of nearee,. neighbor n o n l o c a l i t y  . T h i s  is t h e  
s i m p l e s t  type  of n o n l o c a l i t y  and is t h e  model w e  w i l l  in-  
v e s t i g a t e .  apply in^ -1.  (1.129) t o  t h i s  case w e  have 
where t h e  b i  a r e  g i ven  by Eqs. ( 1 . 6 2 ) .  Trans la t ion  in- 
variance p l u s  invers i on  symmetry analogous to Eqs. ( 1 . 40 )  
y i e l d s  
and 
Using E q s .  ( 1 . 1 4 6 )  and (1 .62b)  w e  ob ta in  
Applying t h e  requirement Eq.  ( 1 . 141 )  and invers ion  syn- 
metry analogous t o  Eq .  ( 1 . 4 0 ~ )  y i e l d s  
so tha t  
Using  E q s .  ( 1 . 1 4 2 )  and (1.68), w e  c a n  immediate ly  write 
down t h e  four m a t r i c e s  
Here pl and pa are parameters  t o  be determined and 
have t h e  d imens ions  o f  c h a r g e .  The matrices E q .  ( 1 . 1 5 0 )  
a g r e e  w i t h  t h o s e  o f  Lax. 44 Using  t h e  e x p l i c i t  form o f  t h e  
matrices w e  o b t a i n  
s o  t h a t  Eq .  (1 - 1 4 8 )  becomes 
A t  t h i s  p o i n t  w e  n o t e  t h a t  Eqs. (1.149) s a t i s f y  in-  
f i n i t e s i m a l  t r a n s l ~ t i o n  i n v a r i a n c e  e x p l i c i t l y ,  though t h i s  
c o n d i t i o n  w a s  m t  imposed on p (&K ) i n  o u r  d e r i v a t i o n .  a 
Only t h e  t o t a l  moment Eq .  (1.130) was r e q u i r e d  t o  be trans- 
l a t i o n  i n v a r i a n t  s i n c e  w e  are d e a l i n g  wi th  a n e u t r a l  c ry-  
s t a l .  L a t t  ice t r w n s l a t  i o n  i n v a r  l ance  p l u s  i n v e r s i o n  sym- 
metry t h e n  gave Eq. (1.141),  which is no t  t h e  same condi-  
t i o n  o b t a i n e d  by zmposing i n f i n i t e s i m a l  t r a n s l a t i o n  
i n v a r i a n c e  on t h e  moments gO(LK) . In  f a c t ,  t h e  d e f i n i -  
t i o n  of  p  ( A K )  r e q u i r e s  a  volume t o  be a s s o c i a t e d  wi th  
a 
each atom ( A K )  . I f  t h i s  volume is n e u t r a l ,  t hen  t h e  
d i p o l e  moment is independent of  t h e  o r i g i n  of c o o r d i n a t e s  
and is t r a n s l a t i o n  i n v a r i a n t .  If t h e  volume is not neutra l ,  
then  t h e  d i p o l e  moment does depend on t h e  o r i g i n  of  coord i -  
n a t e s  and is not  t r a n s l a t i o n  i n v a r i a n t .  The f a c t  t h a t  
Eqs. (1 .49)  a r e  t r a n s l a t i o n  i n v a r i a n t  wi thout  imposing t h i s  
c o n d i t i o n  is a r e f l e c t i o n  of t h e  f a c t  t h a t  t h e  f i r s t  neigh- 
bor moment c o e f f i c s e n t s  a r e  symmetric and t h i s  t o g e t h e r  
w i t h  t h e  i n v e r s i o n  symmetry shows t h a t  
Thus w 5  see t h a t  f o r  first neighbors ,  t h e  " f l i p1 '  symmetry 
c o n d i t i o n  Eq. (1 .26)  is obeyed by t h e  moment c o e f f i c i e n t s .  
For  second neighbors  t h i s  c o n d i t i o n  need not  be t r u e .  When 
, 
t h e  " f l i p1 '  symmetry p rope r ty  is obeyed, Eq. 1 . 1 4 )  is then  
t h e  same c o n d i t i o n  o b t a i n e d  by imposing i n f i n i t e s i m a l  
t r a n s l a t i o n  i n v a r i a n c e  on t h e  moments p ( L K )  . u 
One c a n  e x p l i c i t l y  v e r i f y  t h a t  t h e  t o t a l  d i p o l e  moment 
d u e  t o  Eqs. (1.149) is a lways  zero, as w e  have  s e e n  it met 
be from Eqs. (1.133) and (1.14Ob). Al though t h e  t o t a l  
d i p o l e  moment is zero t h e  a r r a y  o f  d i p o l e s  c a n  have  a  t o t a l  
q u a d r u p o l e  moment as shown e x p l i c i t l y  i n  Appendix C .  
Having d e t e r m i n e d  t h e  form o f  t h e  moment c o e f f i c i e n t s ,  
w e  now proceed t o  c a l c u l a t e  t h e  d i p o l e  c o n t r i b u t i o n  t o  t h e  
second  o r d e r  f o r c e  c o n s t a n t s .  I n  Appendix B it is shown 
t h a t  f o r  s i l i c o n  w e  c a n  write t h e  i n t e r a c t i o n  e n e r g y  f o r  a 
p a i r  o f  d i p o l e s  as 
w i t h  
Here 6 is t h e  s t a t i c  d i e l e c t r i c  c o n s t a n t .  I n  w r i t i n g  
Eq. (1.153) w e  have n e g l e c t e d  s h o r t - r a n g e  terms d i s c u s s e d  
i n  Appendix B. These t e rms  are compensated f o r  by t h e  
s h o r t  - range c o n t r i b u t i o n s  t o  t h e  dynamical  m a t r i x .  
The t o t a l  d i p o l e - d i p o l e  i n t e r a c t i o n  e n e r g y  is 
where t h e  prime on t he  sum means exc lude  terns wi th  
(LK) - ( l ' K J )  . U8ing E q .  (1 .17)  w e  have 
where t h e  d e r i v a t i v e s  a r e  eva luated  wi th  a l l  atoms i n  t h e  
rest p o s i t i o n s .  Using Eqs. (1.149, 1.153 and 1.154) i t  ib 
a  s tra ight forward e x c e r c i s e  t o  e v a l u a t e  the  d e r i v a t i v e s  i n  
Eq. (1 .156) .  We obt a i n  t h e  results 
and 
The Kronecker d e l t a  symbols i n  E q s .  ( 1 . 157 )  mean omit terms 
when the  Kronecker d e l t a  is one.  Def ining 
we f ind  
16p2 + + 
-  c n ( L , o ~ o , o ) ~  - I ~ * R ( L )  ( I -b  D : ; ( O , O I ~  L , O )  
+L E M  C C F  ( ~ ) F ~ , ( ~ ) ~ ~ ~ ( ~ , O ~ O Y O ) ~  
P Y V  4 QCL 
4pl  
- -C C ( L , ~ l ~ , l ) e  -d?iI(L) E M  P 4 Pa 
4% 
- - c c F (Z)nPg ( ~ , o l o , l ) e  +iiL i h e )  E M  , 
CL 
au 
and 
( 1 . 1 5 9 b )  
where  w e  h a v e  de f ined  
4 
F ~ ~ ( ~ )  = i-1 c ~ ~ ( O , 0 ( 6 ~ , l ) e  lit. a, 
we have 
and 
w i t h  
-+ is. a ik. s3 it. Tq 
S ( $ )  - ( I c e  2* ce 1 
The d i p o l e  c o n t r i b u t i o n  t o  t h e  dynamical matrix can  be 
w r i t t e n  i n  a more compact form as  f o l l o w s  
2 
4 n P 1 ~ 2  1 2 ( ~ )  
+ ,,0 *d 
2  
4 n ~ 2  +m 0 as! 
4np2 
a@ D d d  o 
2  
4 n ~ 2  V22(i;) 
+m aB . 0 
The d imens ion less  matrices T and V a r e  d e f i n e d  as  
n * -* - & @ X ( A >  11 -+ TUB ( k )  2; 16+S ( k ) s ( Z ) ]  C' nag ( a # o l o , o ) e  
a 
* -* -&.Z(&)  48 ( k )  C"dAsO1O,l)e 
L 
+i% X(a)  
- rs(i;) Ena6 ( a , o I O , l ) e  
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In E q s .  (1 .166)  and  (1.167) t h e r e  are three long -  
range sum to  jxwforu, two of mhich  are r e l a t e d ,  namely 
T h e s e  sums are s l o w l y  c o n v e r g e n t  f o r  n u m e r i c a l  work.  I n  
Appendix  D w e  d i s c u s s  t h e  Ewald method of t r a n s f o r m i n g  
these sums to  r a p i d l y  c o n v e r g e n t  form. The Ewald method 
a l so  h a s  t h e  a d v a n t a g e  of a l l o w i n g  e x p l i c i t  s e p a r a t i o n  o f  
t h e  n o n a n a l y t  i c  b e h a v i o u r  o f  Eqs . (1.168 ) w h i c h  e n a b l e s  o n e  
t o  show t h a t  t h e  d i p o l e  c o n t r i b u t i o n  t o  t h e  d y n a m i c a l  mat- 
r i x  is a n a l y t i c  a t  - 0 , e v e n  t h o u g h  t h e  s e p a r a t e  con-  
t r i b u t i o n s  t o  i t  a r e  n o t .  
PHONON FREQUENC IES AWNG SYMMETRY DIRECTIONS 
In  t h i s  s e c t i o n  w e  p r e s e n t  exp reas ions  f o r  t h e  dynami- 
cal m a t r i x  and f o r  phonon f r e q u e n c i e s  a long  t h e  [ l o o ] ,  
[110]  and [ I l l ]  d i r e c t i o n s .  We a l s o  g i v e  exp resq ions  f o r  
t h e  e las t ic  c o n s t a n t s  u s ing  t h e  model developed i n  t!ie 
p rev ious  sect i o n s .  
J100]  D i r e c t i o n  
+ Along t h e  [ l o o ]  d i r e c t i o n  t h e  aavevec to r  k is 
Direct cornputat ion  u s i n g  t h e  model developed i n  prev ious  
s e c t i o n s  a l l ows  one t o  w r i t e  t h e  dynamical ma t r ix  a long  
[ l o o ]  as 
where  Al and A2 are real  and w e  have de f ined  
dd 
A1 - A + D ~ ~ ( o , o ~ ~ )  
A2 - B + D ; : ( O , O ~ ~ )  
and 
ka I+ + 20 cos - 2 
We now proceed to  f i n d  t h e  e l g e n v a l u e s  of E q .  ( 1 . 1 7 0 )  
u s i n g  t h e  e i g e n v e c  t o r s  of Lax. 45 I t  is important  to n o t e  
t h a t  h i s  e i g e n v e c t o r s  correspond  to t h e  s e c o n d  form of t h e  
dynkmical  matrix w'lich u s e s  d i s p l a c e m e n t s  of t h e  form 
and d i f f e r s  by a phase f a c t o r  from Eq. (1.19). Thus w e  
have 
where Wa(K) is d e f i n e d  by Eq. (1.19). The V@(K ) are 
g iven  by Lax l9r t h e  [100], [110] and [Ill] d i r e c t i o n s .  
Cons ider  first t h e  l o n g i t u d i n a l  modes. Noting t h a t  
a long  [loo] 
w e  have f o r  t h e  l o n g i t u d i n a l  a c o u s t i c  (LA) A1 mode 
S u b s t i t u t i n g  Eqs. (1.176) i n t o  Eq. (1.20) and us ing  Eq. 
(1 ,,170) w e  o b t a i n  
For t h i s  t o  be a s o l u t i o n  w e  must have t h a t  
A3e ika'4 = pure ly  r e a l .  
This  is i n  f a c t  t h e  caae so that 
Af tur some a l g e b r a  w e  o b t a i n  
2 ka  4np; 11 + % s i n  + , q [ ~ l l  ( k ) + ~ e ( s ~ " ~ ' ~ { : ( k ) )  ]  . 
and w e  have  used  t h e  f a c t s  t h a t  
a l o n g  [ l o o ]  and 
11 Tll(k)  = p u r e l y  r e a l .  (1 .182)  
We c a n  o b t a i n  a n  e x p r e s s i o n  f o r  t h e  e las t ic  c o n s t a n t  C1l 
from E q .  (1 .180)  by u s i n g  t h e  f a c t  t h a t  f o r  k a < < l  
h i g h e r  o r d e r  2 (1 .183)  
% A [ 1 0 0 ]  i n  k a  
so t h a t  
- *  - - .  --" 'X -- ~"r .  *- =-- "*-mm 
m--a 
88 
Note t h a t  t h e  d i p o l e  term are a b r e n t  from Eq. (1.184). 
Thim i8 a n  i m p o r t a n t  p o i n t  and i8 a c o m e q u e n c e  o f  t h e  non- 
local n a t u r e  o f  t h e  dipole.. I n  o r d e r  t o  aee th im,  we o n l y  
need mhow t h a t  a l o n g  (100] 
T h i s  is i n  f a c t  t h e  case as shown i n  Apptt~.dix E. 
C o n s i d e r  n e x t  t h e  l o n g i t u d i n a l  o p t i c  (U) A; mode. 
f o r  t h i s  mode 
S u b s t i t u t i n g  Eqs. (1.186) i n t o  Eq. (1.20) and u s i n g  Eq. 
(1.170) w e  o b t a i n  
u s i n g  Eq. (1.178) w e  have 
After some algebra we obtain 
At  Et a O ~ ~ o [ r o o ~  becomes t h e  Raman frequency,  denoted 
% , s o  t h a t  
I n  o b t a i n i n g  Eq. (1.190) w e  have made u s e  of t h e  f a c t  t h a t  
Note t h a t  t h e  d i p o l e s  do n o t  c o n t r i b u t e  t o  t h e  Raman f r e -  
quency, which is a g a i n  a consequence of t h e  nonloca l  n a t u r e  
of t h e  d i p o l e s .  Th i s  is i n  marked c o n t r a s t  t o  t h e  l o c a l  
quadrupoles  used by which do c o n t r i b u t e  t o  both Cll 
and % . 
m r t h e r m o r e ,  a t  t h e  X p o i n t  of t h e  B r i l l o u i n  zone 
2n , so t h a t  re f i n d  from Eqs. (1.180) and bounda7:y k - 
P""" -'- ' - * 
L 
where 
In obta lnfng  Eq. (1 .1920)  we have used t h e  f a c t  tha t  
*:(x) - 0 . 
Now we proceed t o  the transverse  modes. These modes 
a r e  l a b e l e d  h5 and a r e  doubly degeneramte.  One e lgen-  
vector  is 
S u b s t i t u t i n g  Eqs. ( 1 . 1 9 3 )  i n t o  Eq. ( 1 . 2 0 )  and us ing  Eq. 
(1 .170)  w e  ob t a in  the  s e c u l a r  equat ion f o r  the transverse  
modes 
We can rewrite Eq. (1 .194)  as  
where we n o t e  tha t  
and 
To u b t a i n  an e x p r e s s i o n  f o r  the e l a s t i c  c o n s t a n t  Cq4 
w e  u s e  t h e  f a c t  that f o r  k a < < 1  
2 higher  order  
"~A[IOO] i n  ka 
so t h a t  
In obta in ing  Eq. (1 .199)  we have umod the  f a c t  t h a t  the  
lower a i g n  i n  Eq. ( 1 . 1 95 )  corremponda t o  t h e  a c o u s t i c  
branch. Note aga in  t h a t  the  d i p o l e  term do not c o a t r i -  
bute  t o  Cqq . 
A t  the  X point  o f  the  B r i l l o u i n  zone boundary w e  
f ind  from Eq. ( 1 . 1 9 5 )  that  
and 
where 
11 TZ2 ( X )  = -2.75902458 
In ob ta in ing  Eqs. ( 1 . 2 0 0 )  and (1 .201 )  w e  have used t h e  
r e l a t i o n s  
The d i p o l e o  s t r o n g l y  affect t h e  zone  boundary m d e a .  They 
push t h e  t r a n s v e r s e  o p t i c  (TO) mode up and lower t h e  
f r e q x e n c y  of t h e  t r a n s v e r s e  a c o u s t i c  (TA j mode. 
I1101 D i r e c t i o n  
Along t h e  (110] d i r e c t i o n  t h e  wavevec tor  t is 
where k - (21  . Direct computat ion  u s i n g  t h e  model 
d e v e l o p e d  i n  p r e v i o u s  s e c t i o n s  a l l o w s  one  t o  write t h e  
dynamical  matrix a l o n g  [110] as  
where B1,B2 and B4 are raal, B3 i8 purely iluginary 
and we have defined 
and 
I 
'1 2 k l  A = -  I -&+€I ( p + ~  I s i n  C9 + 4 b  s i n  2 k 8 +  gL'  + 41 M 2  ka ka + 4 ( p ' + ~ ' ) s i n  - 90 Y 2 ~  cos - 24'2 J i a ka - a / 3  c o s  - (1 .207a)  1 JZ a 2
d 
1 2 ka 1 B - a(& + 2u/3 ) s i n  3 (P.207b) 
i (40 ka  In s i n ~ i )  ka  ( 1 . 2 0 7 ~ )  C = - - s i n -  
M 3 2/2-3 
1 
p-- 
>. >-*a*, " 
3 + rx sin2 3 
(1 .2U7d)  
1 k a / 8 . + ~  i k ~ / w + ~ - 3  i k a / f l  
- i k a / ~ i k a / 2 d ~ ~ - 3  i k a / f l )  
( 1 . 2 0 7 8 )  
* 
26 ' (1+e a  -8 ika/2.&-3 i k a / m )  
( 1 . 2 0 7 f )  
d 
G I -gika/fl) +6 ' (, i k a / r n O e - 3  ika/2f i  
i k a / 2 f l  -ika/flee-3 i x a / 2 f l 1  
-e 
( 1 . 2 0 7 g )  
(a+A '+8o/3 ) ( 1 - e  - ikn/f i+2e-ikat/2/2)  
- i k a / f l  i k a / w + e i 3  ika/2/Z) 
+e 1 . ( 1 . 2 0 7 h )  
Now c o n s i d e r  t h e  modes whose e i g e n v e c  t o r s  are d e t e r -  
mined by symmetry a l o n e .  Not ing  t h a t  a l o n g  [ I 1 0 1  
we have f o r  t h e  mode which 18 TAAz 
Here TAlz deno te s  t h a t  t h e  z4 mode i8 t r a n s v e r s e  
a c o u s t i c  and g o l a s i z e d  pe rpend icu la r  t o  t h e  z a x i s  as 
well as t o  t h e  d i r e c t i o n  of p ropaga t ion .  S u b s t i t u t i n g  Eqs. 
(1 .209)  i n t o  Eq. (1 .20)  and us ing  Eq. (1.205) w e  o b t a i n  
For t h i s  t o  be a s o l u t i o n  w e  must hava t h a t  
e ika/u(~ 5 -B 6 ) - pure ly  real .  
T h i s  is i n  f a c t  t h e  case s o  t h a t  
A f t e r  some a l g e b r a  w e  o b t a i n  
dd dd Note t h a t  ~ ~ ~ ( 0 , O l k )  and ~ ~ ~ ( 0 , o I k )  are p u r e l y  real  
a l o n g  [110]. We can  o b t a i n  a n  e x p r e s s i o n  f o r  t h e  e las t ic  
c o n s t a n t  C12 by u s i n g  t h e  f a c t  t h a t  t h e  zg mode is t h e  
"slow" TA mode i n  t h e  e l a s t ~ c  r e g i o n 4 7  s o  t h a t  f o r  
ka  << 1 
2 (Cll -C 12 1 k2 + ( h i g h e r  o r d e r  
WCr mm 2~ . . (1.214) i ka 
Using Eq. (1.213) and t h e  e x p r e s s i o n  f o r  Cll , E q .  (1.184), 
w4\  find t h a t  
From t h e  e x p r e s s i o n  f o r  t h e  bu lk  modulus B 
w e  o b t a i n  u s i n g  Eqs. (1.184) and (1.215) t h a t  
Note t h a t  t h e  d i p o l e  term do n o t  c o n t r i b u t e  t o  CI2 and 
t h a t  t h e  bu lk  modulus is independent  o f  t h e  a n g l e  bending 
i n t e r a c t  i o n .  We can 800 i n  a s i m p l e  way why t h e  d ipole .  
d o  not a f f e c t  C12 . S i n c e  t h e  d i p o l e s  d o  no t  a f f e c t  Cll , 
i f  they  d o  no t  a f f e c t  t h e  bulk  modulus, t h e n  by E q .  (1 .216)  
w e  see t h a t  t h e y  w i l l  n o t  a f f e c t  C12 . The r e a s o n  t h a t  
t b e  d i p o l e s  do  n o t  c o n t r i b u t e  t o  t h e  bu lk  modulus f o l l o w s  
from t h e  f a c t  t h a t  a homogeneous i s o t r o p i c  d e f o r m a t i o n  i n -  
d u c e s  no d i p o l e  moments and t h u s  no d i p o l e - d i p o l e  i n t e r -  
a c t i o n  e n e r g y  f o r  t h i s  t y p e  of  d e f o r m a t i o n .  
Next c o n s i d e r  t h e  C2 mode which is TO . For t h i s  
IZ 
mode 
S u b s t i t u t i n g  Eqs. (1.218) i n t o  Eq. (1.20) and u s i n g  Eq. 
(1.205) w e  o b t a i n  
Using Eq .  (i.211) w e  have 
After  some a l g e b r a  w e  o b t a i n  
Now w e  examine t h e  modes t h a t  a r e  two d i m e n s i o n a l  re- 
p r e s e n t a t i o n s .  The modes a r e  mixed modes and are n o t  pure- 
l y  l o n g i t u d i n a l  o r  p u r e l y  t r a n s v e r s e .  F i r s t  c o n s i d e r  t h e  
modes which a r e  a  m i x t u r e  o f  LA + TOZ , where TO, 
d e n o t e s  t r a n s v e r s e  o p t i c  p o l a r i z e d  i n  t h e  z d i r e c t i o n .  
F o r  t h e s e  modes 
S u b s t i t u t i n g  Eqs. (1.222) i n t o  Eq. (1.20) and u s i n g  Eq. 
(1.203) w e  o b t a i n  t h e  s e c u l a r  e q u a t i o n  
I n  o b t a i n i n g  Eq. ( 1 . 2 2 3 )  w e  have  u s e d  t h e  f a c t s  t h a t  
Blp B2 9 B4 9 B5e ika/&'Z , B6e ika/jL/?I , and  B8e 'ka'2~' are pu re -  
l y  rea l  and t h a t  B3 and  B7e ika'2JiF are p u r e l y  i m a g i n a r y  . 
The u p p e r  s i g n  i n  Eq. ( 1 . 2 2 3 )  is t h e  o p t i c a l  b r a n c h  a n d  t h e  
lower s i g n  t h e  a c o u s t i c  b r a n c h .  
S i m i l a r l y .  t h e  modes are a m i x t u r e  o f  LO + TAZ . 
F o r  t h e s e  modes 
I n  a  s imilar f a s h i o n  t o  Zq.  ( 1 . 2 2 3 )  w e  o b t a i n  t h e  s e c u l a r  
e q u a t i o n  
The upper  mign i n  Eq.  (1.225) i m  t h e  o p t i c a l  b ranch  and t h e  
lower mign t h e  n c o u s t  ic b ranch .  
A t  t h i n  p o i n t  we would like t o  n o t e  two a d d i t i o n a l  
fact.. The B r i l l o u i n  zone  boundary a l o n g  t h e  [I101 d i r e c -  
2n t i o n  ia  t h e  K p o i n t  and is l o c a t e d  a t  - - a (3/4,3/4,0) . 
I f  we c o n t i n u e  p a s t  t h e  zone  boundary t o  t h e  p o i n t  
27 
-(1,1,0) , t h i s  p o i n t  is e q u i v a l e n t  by symmetry t o  t h e  X 
a 
p o i n t ,  The r e a s o n  f o r  t h i s  c a n  be s e e n  by u a i n g  t h e  pro- 
p e r t  ies 48 
t o g e t h e r  w i t h  t h e  r e c i p r o c a l  l a t t i c e  v e c t o r  
and t h e  rotat!.on about  t h e  X2 a x i s  
2a The 8 v e c t o r  takes 1 , O  i n t o  2n/a(0,0,1) . The 
27 
r o t a t i o n  abou t  t h e  x 2  a x i s  takes 0 0 1 )  i n t o  
27 
-(lO 0 w h i c h  is t h e  X p o i n t .  a 
ill11 DIRECTION 
Along the  [lll] d i r e c t i o n  t h e  ravevector  t i a  
Direct computat ion us ing  the  model developed i n  previous  
a e c t i o n s  a l l o w s  one t o  write t h e  dynamical matrix a long 
[lll] a s  
where C1 and C2 are real and we have defined 
dd C1 - A i Dl1(0,01k) 
dd C2 - B + D12(0.01k) 
dd c3 = c + ~ ~ ~ ( o , i J k )  
dd C4 - D + Dl2(0,1lk) 
and 
'+4~ '+loo 
2 2c 
+ ( 8 1 ~ + 4 ~ c ~ p  '+4lU )sin 2 1 ~  + 7 cos (1.233a) 
Consider  f i r s t  t h e  d l l  modes which a r e  l o n g i t u d i n a l .  
Noting t h a t  a l o n g  [lll] 
w e  have 
S u b s t i t u t i n g  Eqs. ( 1 . 2 3 5 )  i n t o  Eq. (1 - 2 0 )  and u s i n g  EQ. 
( 1 . 2 3 1 )  w e  o b t a i n  t h e  s e c u l a r  e q u a t i o n  
A t  t h e  L p o i n t  o f  t h e  B r i l l o u i n  zone boundary 
- , ,  and C3 and C4 become p u r e l y  r e a l .  We 
a  
then have 
and 
where 
Note t h a t  t h e  d i p o l e s  push t h e  LA mode down and t h e  LO mode 
UP 
Now w e  proceed  t o  t h e  t r a n s v e r s e  modes.  These  modes 
are l a b e l e d  hg and are doubly  d e g e n e r a t e .  One e i g e n -  
v e c t o r  is 
S u b u t i t u t i n g  Eq6.  (1.239) i n t o  Eq. (1.20) and uuing Eq. 
(1.231) w e  o b t a i n  the s e c u l a r  equat ion  
A t  t h e  L p o i n t  w e  have 
and 
where 
From Eqs. (1.241) w e  see t h a t  t h e  d i p o l e s  push t h e  TA mode 
down and t h e  TO mode u p .  
CONDITION OF MINIMUM POTENTIAL ENERGY 
S i n c e  we have expanded t h e  p o t e n t i a l  e n e r g y  abou t  it. 
m i n i m u  v a l u e ,  w e  must i n s u r e  t h a t  t h i s  c o n d i t i o n  hold.. 
The a t a t i c  p o t e n t i a l  e n e r g y  b O  c a n  be w r i t t e n  as 
where N is t h e  number o f  u n i t  ce l l8  i n  t h e  c r y a t a l .  I n  
w r i t i n g  Eq. (1 .243)  we have n o t e d  t h a t  t h e  d i p o l e  terms 
g i v e  no c o n t r i b u t i o n  t o  t h e  s t a t i c  p o t o n t i a l  e n e r g y ,  and 
n e i t h e r  d o  t h e  a n g l e  bending terms. The c o n d i t i o n  of mini-  
m u m  p o t e n t i a l  ene rgy  r e q u i r e s  
Using Eqs. ( 1 . 9 ) , ( 1 . 6 9 ) ,  (1.81), ( 1 . 8 9 )  and ( 1 . 9 8 )  w e  
o b t a i n  
Eqs. (1 .245)  g i v e  a r e l a t i o n  between t h e  f o r c e  c o n s t a n t  
p a r a m e t e r s  t h a t  must be  s a t i s f i e d  f o r  o u r  model. Note t h a t  
t h i s  c o n d i t i o n  is t r i v l a l l y  s a t i s f i e d  i f  a l l  f i r s t  o r d e r  
p o t e n t i a l  d e r i v a t i v e s  are z e r o .  
PHONON DISPERSION CURVES AND F I T S  TO W P ~ I M E N T A L  DATA FOR 
SILICON 
In thim ~ e c t i - , , n  w e  present two bamic modelm. Firmt 
w e  examine a f o u r  o a r u n e t e r  model t h a t  i l l u s t r a t o m  t h e  
e f f e c t  of  t h e  d i p o l e 6  on t h e  phonon d inpe r8 ion  curvf  ;. 
Second we p r e s e n t  a f i t  t o  exper imenta l  d a t a  u s i n g  a t e n  
parameter  model. 
FOUR PARAMETER MODEL 
T h i s  w a s  t h o  f i r s t  model used when i n v e s t i g a t i n g  t h e  
e f f e c t  of  t h e  d i p o l e s  on t h e  phonon d i s p e r s i o n  c u r v e s .  In 
t h i s  model w e  t a k e  as parameters  o - B , u - v ,  0 and PI 
w i t h  a13  o t h e r  parameters  ze ro .  T h i s  cor responds  t o  pu re ly  
c e n t r a l  f o r c e  first and second neighbor  i n t e r a c t i o n s ,  a n g l e  
bending and what  w e  w i l . 1  c a l l  d i agona l  non loca l  d i p o l e s ,  
s i n c e  t h e  matrices Eq. (1.150) are d i agona l  f o r  t h i s  c a s e .  
The exper imenta l  data4' f i t  a r e  CII,  CIZ,  % and *AX ' 
The parameters  determined i n  t h i s \  manner are g iven  i n  
Table  2 .  An i n t e r e s t i n g  f e a t u r e  of t h i s  model is t h a t  t h e  
shor t - range  f o r c e  c o n s t a n t s  are complete ly  determined by 
C1l~ C12 and . The s i n g l e  d i p o l e  parameter  is de- 
termined by . Sl.nce t h e  d i p o l e  i n t e r a c t i o n  does  not  
affect CI1, C12, C44 and ( L ~ A  , a comparison of t h i s  
model t o  one us ing  t h e  same shor t - range  f o r c e  c o n s t a n t s  
b u t  no d i p o l e s  can  be made. 
Table 2 - Four Psrueter Dipole Yodel. The experinrsntal 
va lues  of Cl1, Cia. % and ‘+AX have been used to de- 
termina t h e  parameters. p1 - zle where e is the  m g n 1 -  
tude of  t h e  e l e c t r o n  charge i n  C . G . S .  unit . .  
Calculated value of Cqq 
Experimental value of C44 
I n  F i g .  8 w e  have  p l o t t e d  t h e  phonon d i s p e r r i o n  c u r v e s  
8 1 0 ~  s y a a e t r y  d i r e c t i o n s  for t h e  f o u r  pa ramete r  d i p o l e  
rrod.1. A 1 8 0  p l o t t e d  f o r  cornpariaon are t h e  d i s p e r r t o n  
c u r v e 8  f o r  t h e  mame a h o r t - r a n g e  force conotantm b u t  no d i -  
p o l e s .  Note t h e  d r a m t i c  l o w e r i n g  of t h e  TA modem n e a r  
t h e  zone  boundarlem a l o n g  t h e  [ l o o ]  and [ l l ~ ]  d i r e c t i o n #  
due  t o  t h e  d i p o l e s .  The TA [ l l l ]  modes are a l s o  lowered,  
b u t  n o t  n e a r l y  as much as t h e  [ l o o ]  mcde8. The major f e n -  
ture of  t h e  d i p o l e  model is t h a t  i t  a l l o w s  lower ing  o f  t h e  
TA modes w h i l e  m a i n t a i n i n g  a h i g h  v a l u e  of  Cq4 . (Note 
t h a t  t h e  c a l c u l a t e d  v a l u e  of  C14 i n  t h i s  model is w i t h i n  
65 o f  t h e  e x p e r i m e n t a l  v a l u e . )  
Although t h e  d i p o l e s  improve agreement  w i t h  e x p e r  I- 
menl, t h e  b a a i c  shor tcoming of them is t h a t  t h e  TAX modes 
are lowered much more t h a n  t h e  TAL modes. T h i s  is a pro- 
blem w i t h  t h e  a n g u l a r  v a r i a t i o n  o f  t h e  d i p o l e s  which is n o t  
remedied by a d d i t i o n  o f  t h e  nond iagona l  pa ramete r  p2 , 
s i n c e  t h e  q u a n t i t y  (pl-p2) e n t e r s  i n t o  bo th  Eq. (1 .200)  
and Eq.  ( 1 . 2 4 1 a ) .  I t  is p o s s i b l e  t h a t  e x t e n d i n g  t h e  d i p o l e  
model t o  second ne ighbor  n o n l o c a l i t y  c o u l d  remedy t h i s  de- 
f i c i e n c y  . 
From t h e  e x p r e s s i o n s  g i v e n  by Lax w e  see t h a t  h i s  
q u a d r u p o l e s  t e n d  t o  r e s t o r e  t h e  b a l a n c e  between t h e  TAX 
and TAL lower ing .  However t h e  q u a d r u p o l e s  also a f f e c t  
t h e  elastic c o n s t a n t s  and Raman f r e q u e n c y .  I t  is t h e  op in -  
i o n  o f  t h i s  a u t h o r  t h a t  i n c l u d i n g  d i p o l e - q u a d r u p o l e  and 
quadrupale-quadrupole  i n t e r a c t i o n .  would ramody t h e  a h o r t -  
c o r i n q  of t h e  a n g u l a r  v a r i a t i o n  o f  t h e  dipole.. Th i8  cou ld  
bo done w i t h  t h e  a d d i t i o n  o f  o n l y  one more parameter f o r  
t h e  quadrupolem, am i n  t h e  work o f  Lax. The d i p o l e -  
quadrupole  i n t e r a c t i o n  mhould be i n t e r e r t  ~ n g  mince i t  i m  a 
m ix tu re  of no- local  d i p o l e 8  w i t h  l o c a l  quad rupo le r .  The 
d i f f i c u l t y  w i th  t h i s  approach i m  a p p l i c a t i o n  of t h e  Ewald 
method twice more f o r  t h e  long-range r u m .  


TEN PARAMETER MODEL 
I n  a n  a t t e m p t  t o  improve t h e  four p a r a m e t e r  d i p o l e  
model o f  t h e  p r e v i o u s  a e c t  i o n ,  w e  hove i n c l u d e d  t h i r d  and 
f o u r t h  n e i g h b o r  c e n t r a l  p o t e n t i a l  i n t e r a c t i o n s  and t h e  non- 
d i a g o n a l  d i p o l e  pa ramete r  p2 . The f i r s t  d e r i v a t i v e s  of  
t h e  p o t e n t i a l s  are a l a o  a l lowed  to  be  nonzero ,  s u b j e c t  o n l y  
t o  t h e  c o n d i t i o n  Eq. (1 .245b) .  The t e n  independen t  para-  
meters are @ i ( r O )  , @ i ( r 2 ) ,  0 i ( r 3 )  ,@:(a) ,Oi(ro) ,  0 i ( r 2 ) ,  
0 )  a ,  and p2 . (@;(a) is d e t e r m i n e d  by Eq. 
( 1 . 2 4 5 b ) ) .  The p a r a m e t e r s  were de te rmined  i n  t h e  fo l low-  
ing  manner. Using t h e  a n a l y t i c  e x p r e s s i o n s  f o r  MuL , 
w e  performed a  n i n e  pa ramete r ,  we igh ted ,  
n o n l i n e a r  least s q u a r e  f i t  t o  t h e  e x p e r i m e n t a l  v a l u e s  of 
t h e s e  q u a n t i t i e s  f o r  a g i v e n  assumed r a t i o  o f  p2/p1 . The 
r a t i o  p2/pl was t h e n  v a r i e d  t o  o b t a i n  b a s t  agreement  w i t h  
t h e  5 mode n e a r  t h e  K p o i n t  c o n s i s t e n t  w i t h  t h e  smal- 
lest  v a l u e  o f  l e a s t  s q u a r e s  o f  t h e  above q u a n t i t i e s .  
The method o f  s o l u t i o n  o f  t h e  set o f  n o n l i n e a r  equa- 
t i o n s  is t h e  Newton Raphson i t e r a t i o n  w i t h  t h e  ze ro -o rder  
pa ramete r  v a l u e s  de te rmined  from a  l i n e a r  least s q u a r e  f i t  
t o  a l l  t h e  p r e c e d i n g  e x p e r i m e n t a l  q u a n t i t i e s  e x c e p t  Cq4 . 
A t y p i c a l  n o n l i n e a r  f i t  c o n v e r g e s  t o  an  a c c u r a c y  o f  t e n  
d e c i m a l s  i n  t e n  i t e r a t i o n s ,  t h e  v a l u e  o f  C44 chang ing  by 
almost a f a c t o r  o f  two from t h e  v a l u e  computed u s i n g  t h e  
ze ro -o rder  p a r a m e t e r s .  
The e n t i r e  f i t t i n g  p r o c e d u r e  is made somewhat sub- 
j e c t i v e  by t h e  w e i g h t i n g  f a c t o r s  which are n e c e s s a r y  t o  ob- 
t a i n  a reamonable  f i t  t o  t h e  d a t a .  These  w e i g h t s  had t u  b e  
i n p u t  by hand u s i n g  t h e  t r i a l  and error method and  t h e  
c r i t e r i o n  t h a t  t h e  p e r c e n t  e r r o r s  i n  t h e  f r e q u e n c i e s  b e  
n e a r l y  t h e  same. O b t a i n i n g  s u c h  f i t s  t o  t h e  d a t a  is ted-  
i o u s  and t ime consuming a t  b e s t .  
In  s p i t e  o f  t h e  above mentioned d i f f i c u l t i e s ,  w e  have  
o b t a i n e d  a r e a s o n a b l y  accurate f i t  t o  t h e  n e u t r o n  scatter- 
i n g  d a t a  p l u s  e las t ic  c o n s t a n t s .  The p a r a m e t e r s  f o r  t h i s  
f i t  a r e  g i v e n  i n  T a b l e  3 .  In  Tab le  4 w e  list t h e  p o t e n t i a l  
d e r i v a t i v e s  f o r  t h i s  f i t .  Note t h e  r a p i d  f a l l  o f f  o f  t h e  
p o t e n t i a l  d e r i v a t i v e s  by t h e  f o u r t h  n e i g h b o r  d i s t a n c e .  The 
d i s p e r s i o n  c u r v e s  f o r  t h e  model w i t h  t h e s e  pa ramete r  v a l u e s  
a r e  p l o t t e d  i n  Yig. 9.  The model r e p r o d u c e s  t h e  low-lying 
a c o u s t i c  modes ra ther  w e l l  and t h e  e l a s t i c  c o n s t a n t s  are 
w i t h i n  13% of  t h e  e x p e r i m e n t a l  v a l u e s .  Though t h i s  is n o t  
s t u n n i n g ,  i t  is a marked improvement o v e r  models employing 
o n l y  f i r s t  t h r u  f i f t h  ne ighbor  i n t e r a c t i o n s  o f  t h e  t y p e  
u s e d  i n  t h i s  t h e s i s .  The p a r a m e t e r s  i n  T a b l e  3 s h o u l d  n o t  
be t a k e n  as  t h e  b e s t  f i t  p o s s i b l e  w i t h  t h e  t e n  p a r a m e t e r  
model s i n c e  t h e  a u t h o r  h a s  no t  e x h a u s t e d  a l l  t h e  r e g i o n s  o f  
p a r a m e t e r  s p a c e  i n  combina t ion  w i t h  a l l  p o s s i b l e  w e i g h t s  i n  
t h e  f i t t i n g  p r o c e d u r e .  
Table 3 - Ten Parameter Dipole Yodel. pl - zle and -
pa - z1e where e is the magnitude of the electron charge 
in C.G.S. units. 
E l a s t i c  Constants 
Calcu lated  &per imental* 
12 
Cll 1.4352 x 10 dyne/cm 1 . 6 5 7 8 ~ 1 0 ~ ~  
7.2011 x 10 11 C12 6.3937 x 10' 
C44 7.0152 x 1011 7.9625 x 1011 
* (McSkimin, ref .  49) 
Table 4 - Potent i a l  Dsr ivat ivea  for the Ten Parameter 
Dipole  Model. 
F i g u r e  9 .  Ten parameter d i p o l e  model a s  d e s c r i b e d  i n  
the text ( s o l i d  l i n e s ) .  C i r c l e s  are exper iment@; d a t a  
( R e f .  4 9 ) .  
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C h a p t e r  2 
Thermal Expanmion o f  t h e  Diamond S t r u c t u r e  
"For what is a man p r o f i t e d ,  i f  he  
m h a l l  g a i n  t h e  whole wor ld ,  and 
10.9 him own r o u l ?  o r  what m h a l l  
a man g i v e  i n  exchange f o r  h i s  
I O U ~ ? "  
Matthew 16:26 
INTRODUCTION 
I n  t h i s  c h a p t e r  w e  focua  on a s p e c t s  of  t h e  anharmonic 
l a t t i c e  dynamics of t h e  diamond s t r u c t u r e  t h a t  a r e  neces-  
s a r y  t o  c a l c u l a t e  t h e  t h e r m a l  e x p a n s i o ~ l .  F i r s t  we r e v i e w  
some r e l e v a n t  thermodynamic f o r m u l a s  and t h e n  d e v e l o p  t h e  
s t a t i s t i c a l  mechanics t r e a t m e n t  of  t h e r m a l  expansion t o  
lowes t  o r d e r  i n  t h e  a n h a r m o n i c i t y .  Next w e  p r e s e n t  a n  
anharmonic model which is a consistent e x t e n s i o n  o f  t h e  
harmonic model of C h a p t e r  1. In  t h e  p r o c e s s  of  d e v e l o p i n g  
t h i s  model we found a n a l y t i c  e x p r e s s i o n s  t h a t  e x p l a i n  i n  a  
s i m p l e  way how t h e  n e g a t i v e  Grune i sen  p a r a m e t e r s  a r i s e .  
A n a l y t i c  e x p r e s s i o n s  f o r  t h e  mode G r u n e i s e n  p a r a m e t e r s  fo r  
s e v e r a l  modes a r e  p r e s e n t e d .  A f i t  t o  t.le e x p e r i m e n t a l  
d a t a  a v a i l a b l e  f o r  s i l i c o n  is made and d i s p e r s i o n  c u r v e s  
f o r  t h e  mode gammas a l o n g  symmetry d i r e c t i o n s  a r e  p r e s e n t e d  
The model is t h e n  used  t o  c a l c u l a t e  t h e  volume t h e r m a l  ex- 
p a n s i o n  c o e f f i c i e n t  of  s i l i c o n  between 5 and 1700K. A l s o  
c a l c u l a t e d  a r e  t h e  t h e r m a l  s t r a i n ,  z e r o - p o i n t  s t r a i n  and 
z e r o - p o i n t  phonon p r e s s u r e .  
THERMODYNAMICS REVIEU 
~ h c  pUrpo.6 or thi .  me~t ~ O D  i. t o  tier in. O O M ~  t h e r w -  
dynamic quan t  i t  iem and d e r i v a  r o u  ro rmulas  t h a t  are u r e f u l  
i n  c o n n a c t i o n  w i t h  tha rm8l  a x p a n s i o n .  We b e g i n  w i t h  t h e  
Helmholtz  f r e e  energy  f o r  t h e  c r y s t a l  1 
where T im t h e  t e m p e r a t u r e ,  V t h e  volume, E t h e  In- 
t e r n a l  ene rgy  and S t h e  e n t r o p y  of  t h e  c r y s t a l .  Taking 
t h e  t o t a l  d e r i v a t i v e  o f  Eq. ( 2 . 1 )  w e  f i n d  
Ilsing t h e  f a c t  t h l t  f o r  a r e v e r s i b l e  p r o c e s s  2  
T ~ S  d~ + P ~ V  , ( 2 . 3 )  
where P  is t h e  p r e s s u r e ,  we o b t a i n  from Eq. ( 2 . 2 )  t h a t  
and 
Equa t ion  ( 2 . 4 a )  is t h e  e q u a t i o n  o f  s ta te  s i n c e  it relates 
t h e  p r e s s u r e  t o  t h e  t e m p e r a t u r e  and volume. Note t h a t  i f  
t h e  p r e s s u r e  is z e r o ,  t h e n  t h e  d y s t a l  volume is d e t e r m i n e d  
from E q .  ( 2 . 4 8 )  by n e t t i n g  to z e r o  t h e  d e r i v a t i v e  o f  t h e  
Halmholtz f r e e  energy w i t h  renpoct  to volume. 
The volume expansion c o e f f i c i e n t  i n  d e f i n e d  an 
3 
S i n c e  4 
we have upon u s i n g  Eqm. (2.4.)  and ( 2 . 6 )  t h a t  
Using th:: d e f i n i t i o n  o f  t h e  i so thermal  bulk modulus 5 
w e  o b t a i n  using E q .  ( 2 . 4 a )  t h a t  
we have t h a t  
so t h a t  Eq .  ( 2 . 7 )  becomes 
Note t h a t  t h e  order  o f  d i f f e r e n t i a t i o n  is in terchangeable  
i n  Eq. ( 2 . 1 2 ) .  Equations ( 2 . 4 a ! ,  ( 2 . 9 )  and ( 2 . 1 2 )  c l e a r l y  
show t h e  c e n t r a l  r o l e  o f  t h o  Helmholtz f r e e  energy .  
STATISTICAL MECHAN ICS TREATMENT 
-. 
The Helmhol tz  f r e e  e n e r g y  is g i v e n  i n  t e r m s  of  t h e  
p a r t i t i o n  f u n c t i o n  Z by 6 
where 7 
The trace i n  Eq .  (2.14) is o v e r  a comple te  set of  s tates,  
k B  is Bol tzmannls  c o n s t a n t ,  B - l /kBT and H is t h e  
H a m i l t o n i a n  of  t h e  s y s t e m .  For  o u r  purpose  h e r e ,  w e  con- 
s i d e r  t h e  Hami l ton ian  
w i t h  T  t h e  k i n e t i c  ene rgy  g i v e n  by Eq. (1.15) and @ t h e  
p o t e n t i a l  e n e r g y  a s  a f u n c t i o n  of  n u c l e a r  d i s p l a c e m e n t s .  
Expanding a b o u t  t h e  c o n f i g u r a t i o n  of  minimum p o t e n t i a l  
e n e r g y  w e  have  
Here Vo d e n o t e s  t h e  volume of t h e  c o n f i g u r a t i o n  of  mini- 
mum p o t e n t i a l  e n e r g y ,  ( t h e  s ta t ic  p o t e n t i a l  e n e r g y  
of  t h i s  conf  l g t l r a t i o n ,  t h e  second  o r d e r  f o r c e  c o n s t a n t s  are 
d e f i n e d  by Eq. (1.17) and t h e  t h i r d  o r d e r  f o r c e  c o n s t a n t s  
are d e f i n e d  by 
In  Eq .  (2 .16)  w e  have  o n l y  k e p t  c u b i c  anharmonic terms. 
T h i s  is s u f f i c i e n t  f o r  c a l c u l a t i o n  of t h e  t h e r m a l  expans ion  
t o  lowest o r d e r  i n  t h e  a n h a r m o n i c i t y .  
I n  what f o l l o w s ,  w e  w i l l  term t h e  "bare"  c r y s t a l  as 
t h e  c r y s t a l  o s c i l l a t i n g  abou t  t h e  c o n f i g u r a t i o n  o f  minimum 
p o t e n t i a l  e n e r g y ,  characterized by t h e  p o s i t  i o n  v e c t o r s  
Eq.  (1 .5) .  A s  w e  s h a l l  see, t h i s  is no t  t h e  p h y s i c a l  c r y -  
s t a l  s i n c e  t h e  p r e s e n c e  of  a n h a r m o n i c i t y  c a u s e s  a f i n i t e  
s t r a i n  even a t  t h e  a b s o l u t e  z e r o  o f  t e m p e r a t u r e .  
Now c o n s i d e r  a n  i s o t r o p i c  homogeneous d e f o r m a t i o n  o f  
t h e  c r y s r a l .  We d e f i n e  new dynamic d i s p l a c e m e n t s  v a ( L ~ )  
by t h e  e q u a t i o n  
ua(LK) - E R ~ ( L K )  + va(1K) , 
where E is t h e  d e f o r m a t i o n  pa ramete r  o r  s t r a i n .  The new 
p o s i t i o n  v e c t o r s  of t h e  deformed l a t t i ce  are 4 
so that  t h e  volume o f  the  deformed c r y s t a l  is 
S u b s t i t u t i n g  Eq.  ( 2 . 1 8 )  i n t o  Eq. ( 2 . 1 6 )  w e  ob ta in  f o r  t h e  
p o t e n t i a l  energy 
w i t h  
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S i n c e  t h e  deformat ion is i s o t r o p i c ,  t h e  p e r t u r b a t i o n s  t o  
t h e  f o r c e  c o n s t a n t s  w i l l  have t h e  bame symmetry p r o p e r t i e s  
as t h e  r e s p e c t i v e  f o r c e  c o n s t a n t s  o f  t h e  same o r d e r .  T h i s  
be ing  t h e  case, w e  have f o r  t h e  diamond s t r u c t u r e  t h a t  
and 
s o  t h a t  
Equa t ions  ( 2 . 24 )  a r e  shown i n  Appendix F .  Thus w e  can  re- 
w r i t e  t h e  p o t e n t i a l  energy a s  
Wri t ing  t h e  Hamiltonian a s  
H - H o + H 1 ,  
w i t h  
and 
1 
(a@v (LK IL'K lLaK ")va(kK)v8 (k4K')vY (k'~') , 
+ ' 1Ka 
A'K'~ 
A'K'Y (2.27b) 
w e  see t h a t  Ho is t h e  Hami l ton ian  of  t h e  b a r e  harmonic 
c r y s t a l  i n  t e rms  of  t h e  d i s p l a c e m e n t s  va(LK) , and H1 
c o n t a i n s  t h e  anharmonic e f f e c t s .  Note t h a t  a l l  t h e  s t r a i n  
dependence  is c o n t a i n e d  i n  t h e  H1 term. To lowes t  o r d e r  
i n  H1 t h e  Helmholtz  f r e e  energy  is g i v e n  by 8 
where f o r  any o p e r a t o r  M 
and 
-8 Ho 
Z o m  Tre . 
Uuing Eq. (2.27b) w e  o b t a i n  
where w e  have  used t h e  f a c t  t h a t  9 
C o n s i d e r  nex t  t h e  normal c o o r d i n a t e  t r a n s f o r m a t i o n  10 
where A+ is t h e  phonon f i e l d  o p e r a t o r  g i v e n  i n  terms o f  
k3 
t h e  u s u a l  c r e a t i o n  and d e s t r u c t i o n  o p e r a t o r s  by 
The BZ on t o p  of  t h e  sum i n  Eq .  (2.34) is a  reminder  t h a t  
t h e  sum is restricted t o  t h e  f i r s t  B r i l l o u i n  zone  and N 
is t h o  number of  u n i t  c e l l s  i n  t h e  c r y s t a l .  We a l s o  have 
t h e  e x p e c t a t  i o n  v a l u e  11 
w h e r e  
Using Eq8. ( 2 . 3 4 )  and ( 2 . 3 6 )  we o b t a i n  
S u b s t i t u t i n g  Eq. ( 2 . 3 8 )  i n t o  Eq. ( 2 . 3 2 )  y i e l d s  
Now w e  n o t e  t h a t  
where w e  have d e f i n e d  t h e  p e r t u r b a t i o n  to t h e  dynamical 
matrix i n  analogy wi th  Eq.  ( 1 . 2 5 ) ,  
Thus E q .  ( 2 . 3 9 )  becomes 
BZ (21;++1) + + 4 + 
+ y C  C - 'A- ea(K I ~ ~ ) D ~ ~ ) ( K K  k e '  1 )  
w ( Z j  
( 2 . 4 2 )  
Defining 
w e  have i n  more compact form 
Since Ho does not depend on the  s t r a i n ,  t o  lowest order 
i n  HI w e  have from E q .  (2 .28  ) tha t  
so t h a t  
To proceed t o  volume d e r i v a t i v e s  w e  use Eq.  ( 2 . 2 0 )  s o  tha t  
Uming Eg. (2 .4a )  we o b t a i n  
From Eq. ( 2 . 9 )  t h e  b u l k  modulus of  t h e  b a r e  c r y s t a l  i n  t h e  
harmonic approximat  i o n  is g i v e n  by 
so t h a t  t o  lowes t  o r d e r  i n  E t h e  e q u a t i o n  of s ta te  is 
D e f i n i n g  t h e  mode Grune i sen  pa ramete r  by 
we have 
From Eq. (2 .52)  w e  see t h a t  even a t  t h e  a b s o l u t e  z e r o  o f  
t e m p e r a t u r e  and z e r o  p r e s s u r e  t h e r e  is a z e r o - p o i n t  s t r a i n  
g i v e n  by 
Thia c a n  be thought of i n  term o f  t h e  preamura required  
to make t h e  a t r a i n  zero 8t T  - 0 . 
Po is t h u s  a zer -po int  phonon p r e s s u r e .  
Proceeding now to t h e  thermal expansion c o e f f i c i e n t ,  
w e  have from Eqs. ( 2 . 1 2 )  and ( 2 . 4 7 )  t h a t  
or u s i n g  Eq .  ( 2 . 4 6 )  
Now 
D e f i n i n g  t h e  E i n s t e i n  s p e c i f i c  h e a t  f u n c t i o n  as 
Eq. (2.36) become. w i t h  
o r d e r  i n  E 
" - = - - > =  - - " - v  
the a i d  of Eq. 
Eq. (2.39) i u  t h e  sane as t h e  r e s u l t  of t h e  "quaui-harmonid' 
a p p r o x ~ m a t i o n , ~ ~  a t  l e a u t  t o  loweat o r d e r  i n  E . This 
approximat ion is u s e f u l  t o  f i n d  t h e  meaning of  t h e  mode 
GrGneiaen parametere.  In t h e  qua8 i-harmonic approximot ion,  
t h e  phonon frequenciem a r e  given t o  lowest  o r d e r  i n  e by 
w i t h  %(Zj) de f ined  by Eq. ( 1 . 43 ) .  To make connection 
with  exper iment ,  one d e f i n e e  t h e  mode gamma by 
Using E q s .  (2.20) and (2.60) w e  o b t a i n  
s o  t h a t  t o  lowest  o r d e r  i n  E 
Equmtion ( 2 . 6 3 )  a g r e e s  with t h e  d e f i n i t i o n  E q .  ( 2 . 5 1 ) .  To 
proceed one mtep further ,  experiment. meamure the  premmure 
dependence o f  phonon frequenciem f o r  roam modem and thus  
one can obta in  experimental  information about t h e  mode 
gammas. 
ANHARMONIC MODEL 
I n  o r d e r  t o  c a l c u l a t s  t h e  thermal  expabeion u s i n g  Eq. 
(2.5@), it is necessary  t o  have a model f o r  t h e  m d e  gammas. 
The earliest model o f  ~ r i i n e i s e n ' ~  was to  assume t h a t  y (cj) 
was a c o n s t a n t ,  t h e  #am f o r  each  mode, and thua t h e  t h e r -  
mal expansion would have esesen t ia l ly  t h e  same tempera ture  
dependence as t h e  e p e c i f  ic h e a t .  Tb's is known as 
Griineisenl s r u l e ,  I t  is a reawonable approximat ion f o r  
some m a t e r i a l s ,  bu t  s i n c e  t h e  s p e c i f i c  heat and bulk modu- 
l u s  arc always p o s i t i v e ,  it is comple te ly  inadequa te  t o  
d e s c r i b e  materials w i t h  n e g a t i v e  thermal  expansion t h a t  
have a change i n  s i g n  of  t h e  expansion c o e f f i c i e n t .  
I t  is i n t e r e s t i n g  t o  no te  t h a t  a l i n e a r  monatomic c h a i n  
of atoms w i t h  n e a r e s t  neighbor  i n t e r a c t i o n s  g i v e s  a mode 
gamma t h a t  is t h e  same f o r  each mode. l4 Thus w e  have one 
example where Gruneisenl  s r u l e  is r i g o r o u s l y  j u s t  i f  l a d .  
However, t h e  i n c l u s i o n  of  second neighbor i n t e r a c t  i o n s  in,- 
t r oduces  d i s p e r s i o n  s o  t h a t  t h e  mode gammas become wkve- 
l e n g t h  dependent even i n  t h i s  s imple ,  one-dimensional 
model. 15 
S e v e r a l  d i s c u s s  i o n s  of  n e g a t i v e  thermal expansioo have 
appeared i n  t h e  l i terature. Exper imental ly ,  nega t ive  the r -  
mal expansion h a s  been observed i n  t h e  t e t r a h e d r a l l y  bonded 
so 1 i d s  l6 C,  S i ,  Ge, GaAs, GaSb, CdSe, CdS, CdTe, AgI, 
InSb, CuCA, CuF, CuI, HgTe, ZnO, ZnSe, ZnS, ZnTe, hexagonal 
ice and CuInTe2 . Negat ivs  thermal  expansion h a s  a l s o  
been observed  i n  t h e  t e t r a h e d r a l  glasses S i 0 2  , G e 0 2  , 
&Fa and S i02  + X $ N ~ ~ O  f o r  x less than  0.2 . Nega- 
t i v e  t he rma l  expansion a l s o  occu r s  i n  o t h e r  c r y s t a l  s t r u c -  
tures (fcc RbBr and RbI , f o r  example) but  L s  r e l a t i v e -  
l y  rare i n  comparieon wi th  t h e  t e t r a h e d r a l  s o l i d s .  
On t h e  t h e o r e t i c a l  s i d e ,  t h e  occurence of n e g a t i v e  
thermal  expansion may be unders tood from Eq.  ( 2 . 5 9 )  i f  t h o  
mode G d n e i s e n  parameters  are nega t ive  f o r  enough modes 
t h a t  c o n t r i b u t e  a l a r g e  weight t o  t h e  sum i n  Eq .  (2.59).  
Although s e v e r a l  d i s c u s s i o n s  of n e g a t i v e  GrUneisen para- 
meters have appeared i n  t h e  I l . te!rature,  none o f  them have 
been very  r e a l i s t i c  o r  e x p l i c i t  i n  e x p l a i n i n g  how t h e  ne- 
g a t i v e  mode gammas arise. For t h i s  reason  w e  t**e a model 
wi th  s u f f i c i e n t  g e n e r a l i t y  t o  e x p l q i n  t h e  o r i g i n  of t h e  
n e g a t i v e  Griineir t:n parameters  and p re sen t  a n a l y t i c  expres -  
s i o n s  f o r  them f o r  s e v e r a l  modes. 
The anharmonic model w e  u s e  is a c o n s i s t e n t  e x t e n s i o n  
of  t h e  harmonic model developed i n  Chapter  1. The r ea son  
f o r  mentioning t h i s  is because prev ious  c a l c u l a t i o n s  f o r  
s i l i c o n 1 7  have used a she l l .  model f o r  t h e  harmonic proper-  
t i es  and a r i g i d  i on  model f o r  t h e  anharmonic p r o p e r t i e s ,  
w i t h  no r e l a t i o n  between t h e  two. In  f a c t ,  t h e  first and 
second o r d e r  p o t e n t i a l  d e r i v a t i v e s  which e n t e r  t h e  harmonic 
model a l s o  s t r o n g l y  a f f e c t  t h e  anharmonic model, as w e  
s h a l l  see. 
I n  o r d e r  t o  compute t h e  mode GrUneisen parameters ,  
once re have t h e  harmonic and anharmonic modela, w e  on ly  
need compute t h e  p e r t u r b a t i o n  t o  t h e  dynamical  ma t r ix  Eqs. 
(2.41) and (2.238).  S ince  t h e  p e r t u r b a t i o n s  t o  t h e  f o r c e  
c o n s t n n t s  have t h e  same eymmetry p r o p e r t i e s  as t h e  second 
o r d e r  f o r c e  c o n s t a n t s ,  once w e  have ob ta ined  t h e  form of  
t h e  dynamical  ma t r ix  f o r  t h e  harmonic model, t h e  form of 
t h e  p e r t u r b a t i o n  t o  t h e  dynamical ma t r ix  can be w r i t t e n  
down immediately.  The a c t u a l  v a l u e s  of  t h e  p e r t u r b a t i o n s  
must be c a l c u l a t e d  from p h y s i c a l  c o n s i d e r a t  i o n s .  
IAL CONTR IBUT IONS 
F o r  two body c e n t r a l  p o t e n t i a l   interaction^ w e  c a n  
write t h e  c u b i c  anharmonic c o n t r i b u t i o n  t o  t h e  p o t e n t  i a l  
e n e r g y  as 
T h i s  f o l l o w s  from Eqs. (1.54) and (1.56) and t h e  c o e f f i c i -  
e n t s  aaBY 1 '  a r e  d e f i n e d  by Eq. (1.57~). By per -  
forming a n  i s o t r o p i c ,  homogeneous d e f o r m a t i o n  Eq. (2.18). 
one c a n  show t h a t  t h e  p e r t u r b a t i o n s  t o  t h e  force c o n s t a n t s  
@a@ K '  d e f i n e d  by Eq. (1.57b) are 
F I R S T  NEIGHBOR CONTRIBUTION 
By d i r e c t  computa t ion  u s i n g  Eq. (2.65), we have i n  
comple te  a n a l o g y  w i t h  Eq. (1.68) t h a t  
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The 3, are d e f  lned by Eq .  ( 1 . 6 2 )  . 
P?"" = ------ . - 7 --*. I--.-- - " * ----" . - --F-7 --.* -- 
. -eL4wMmmm-mrr-. . *- 
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SECOND NEIGHBOR CONTR I B ~ T  ION 
The matrices analog0~8 t o  Eg. (1.80) are 
F---- - " -------" ---,--- --- X*- L. * r-. -a- ril 6. 
I 
9 146 
Here we have defined 
Thus we find tha t  
and 
+ 
The u i  are defined by Eq. (1.75). 
F- 7-z---" - ?  - - --- - --.--- - " *  -. - -----T - -7- -- 
.',  
r 
TH IRD KE IGHBOR CCjNTR IBUT f ON 
I 
The matrices analog0~6 to Eq. (1 -88)  u e  
Here w e  have d e f i n e d  
~ h u s  w e  f i n d  that 
1 2  iWi 
c ~ ( l ) ( o , o , l ~ i , l ~ e  (l)3°(0,11g) = - - 
UB 1-1 ' 4 
and 
-* 
The T i  a r e  d e f i n e d  by E q .  ( 1 . 8 5 ) .  
Here w e  have d e f i n e d  
FOURTH NE IGHBOR CONTR IBUT ION 
The matrice. rnalogou to Eq. (1.97) are 
Thus w e  f i n d  that 
and 
+ 
( 2 . 8 0 ~ )  
(2 .80b)  
2 kla 2 i k 2 a )  ( 1 ) 4 0 ( o . o i ; )  - t [ u a ( l ) s i n  (T)+p8( l ) s in  + D33 
~ ( 1 )  2(k3a)] 
+ A  s i n  -2- . ( 2 . 8 0 ~ )  
Here kl , k2 , k3 a r e  t h e  c a r t e s i a n  components o f  t h e  wave- 
v e c t o r  def ined  by E q .  ( 1 . 1 0 1 ) .  
ANGLE BENDING CONTR I B U T I E  
Am ram mantjonad i n  Chapter  1, t h a  a n g l e  bending 
p t a n t i a l  energy Eq. (1.104) c o n t a i n s  anharmonic term 
+ 
when axpremmed i n  term of t h e  diaplacementm u(Lg)  . In 
o r d e r  t o  c a l c u l a t e  t h e  p e r t u r b a t i o n  t o  t h e  dynamical  ma t r ix ,  
Eq. (2.41), cmmed by t h o  a n g l e  bending m h a r m o n i c i t y ,  i t  is 
o n l y  necermary t o  o b t a i n  t h e  dynamical m a t r i x  w i t h  t h e  de- 
fo rma t ion  Eq. (2 .18)  prement, and then  s e p a r a t e  o u t  t h e  
term l i n e a r  i n  E . Thi s  approach ie  choeen q inco  t h e  
a n g l e  bending c o n t r i b u t i o n  t o  t h e  dynamical ma t r ix  has  a l-  
ready  been ob ta ined  i n  t h e  s t r i c t  harmonic approximat ion.  
Using Eqs. (1.114) and (2 .18)  w e  have 
S ince  t h e  deformat ion is i s o t r o p i c ,  i t  is clear from E i p .  
-e (1.113) and (1.115) t h a t  t h e  a n g l e s  when a l l  t h e  v(&K) 
are z e r o  are t h e  same as t h e  e q u i l i b r i u m  a n g l e s .  By us ing  
Eq .  (2 .81)  and c a r r y i n g  o u t  an expansion similar t o  t h e  one 
l e a d i n g  t o  Eq. (1 .117) .  w e  o b t a i n  t h e  change i n  a n g l e  tor- 
+ 
rect t o  f i r s t  o r d e r  i n  t h e  d i sp lacements  v(4K) and a l l  
o r d e r s  i n  E 
Here t h e  q O ( L ~ I ~ ' ~ ' I ~ 8 ~ 8 )  are d e f i n e d  by Eq. (1.118) i n  
t e r ~  of  t h e  undeformed or "bareff  p o s i t i o n  v e c t o r s  ~ ( L I C )  . 
Equat ion (2.82) d i f f e r s  from Eq. (1.117) by t h e  f a c t o r  
( 1 + ~ ) - '  and t h e  fact t h a t  re are r u i n g  tth disp lacements  
+ 
v(LK) . Since  w e  s q u a r e  t h e  a n g l e  changes  i n  Eq. (1.104),  
t h e  o n l y  d i f f e r e n c e  between t h e  a n g l e  bending p o t e n t i a l  
energy which is q u a d r a t i c  i n  t h e  d i sp lacements  ~ ( L K )  and 
-b 
t h a t  which is q u a d r a t i c  i n  t h e  d i sp lacements  v (LK)  is 
t h a t  a f a c t o r  of ( 1 + ~ ) - ~  appea r s  i n  f r o n t  of  t h e  la t ter .  
Thus t h e  a n g l e  bending c o n t r i b u t i o n  t o  t he dynamical ma t r ix  
wi th  t h e  2:rain p r e s e n t  is t h e  same as wi thout  t h e  s t r r i n ,  
Eqs. (1.121) and ( 1 1 2 5 ,  bu t  wi th  t h e  f c r c e  c o n s t a n t  a 
U 
r ep l aced  by a where 
The c o n t r i b u t i o n  t o  f i r s t  o r d e r  i n  E I s  
where from Eq. (2.83 ) w e  have 
Thus t h e  a n g l e  bending p e r t u r b a t i o n  t o  t h e  dynamical 
matrix K is g iven  by Eqs. (1.124) and 
Da$ 
(1.125) wi th  a r e ~ l a c e d  by a (1) everywhere. Xather 
than reproduce t h e  ieng thy  e x p r e s s i o n s  which are o b t a i n e d  
t r i v i a l l y  from Eqs. (1 .124)  and (1 .125) ,  r e  g i v e  a E  example 
f o r  o n e  e lement  
~ q .  (2 .86)  is t h e  a n a l o g  o f  ~ q .  (1 .125b) .  The 1, are 
g i v e n  by Eq. ( 1 . 6 2 a ) .  
The r e s u l t  Eq. ( 2 . 8 5 )  is r a t h e r  i n t e r e s t i n g  b e c a u s e  
i t  p r e d i c t s  t h a t  t h e  a n g l e  bending f o r c e  c o n s t a n t  p e r t u r -  
b a t i o n  is g i v e n  i n  terms o f  t h e  pa ramete r  o t h a t  is de- 
t e r m i n e d  by t h e  harmonic model. Thus t h i s  t y p e  of  anhar -  
m o n i c i t y  r e q u i r e s  no a d d i t i o n a l  p a r a m e t e r s  t h a t  c a n n o t  be 
d e t e r m i n e d  from t h e  harmonic model.  T h i s  is i n  c o n t r a s t  
t o  t h e  c e n t r a l  p o t e n t i a l  a n h a r m o n i c i t y  w h i c h  r e q u i r e s  t h e  
t h i r d  d e r i v a t i v e s  of  t h e  p o t e n t i a l  as a d d i t i o n a l  p a r a m e t e r s  
t h a t  are n o t  de te rmined  by t h e  harmonic model.  To o u r  
knowledge,  t h e  r e s u l t  Eq. ( 2 . 8 5 )  h a s  no t  been o b t a i n e d  
p r e v i o u s l y .  
NONLOCAL DIPOLE COMTR IBUTION 
I n  o r d e r  t~ compute t h e  . , .-le c o n t r i b u t i o n  to t h e  
a n h a r m o n i c i t y ,  w e  must g e n e r a l i z e  Eq. (1.129) t o  i n c l u d e  
term q u a d r a t i c  i n  t h e  d i s p l a c e m e n t s  so t h a t  
Here w e  have  d e f i n e d  
and 
The t o t a l  d i p o i e  moment o f  t h e  c r y s t a l  Eq. (1.130) c a n  t h e n  
be w r i t t e n  as  
where w e  have t a k e n  a c c o u n t  o f  t h e  f a c t  t h a t  t h e  term 
l i n e a r  i n  t h e  d i s p l a c e m e n t s  w a s  shown t o  v a n i s h  i n  Chap te r  
1 (Eq.  (1 .140 ) ) .  Def i n h g  
w e  have 
Eq. (2 .91)  l e a d s  t o  t h e  two-phonon i n f r a - r e d  spectrum of 
diamond s t r u c t u r e  crystals .  18 
If w e  s u b s t i t u t e  Eq. (2 .87)  i n t o  t h e  d ipo le -d ipo le  
i n t e r a c t  i on  energx  Eqs . (1.153 ) and (1.155 1 t h e  r e s u l t i n g  
e x p r e s s i o n  w i l l  c o n t a i n  c u b i c  and q u a r t i c  anharmonic terms 
i n  a d d i t i o n  t o  t h e  harmonic term t r e a t e d  i n  Chapter  1. The 
p e r t u r b a t i o n  t o  t h e  dynamical ma t r ix  can  be determined by 
computing t h e  dynamical  mat r ix  w i th  t h e  s t r a i n  p r e s e n t  and 
then  ~ e p a r a t i n g  o u t  t h e  term l i n e a r  i n  E . 
S u b s t i t u t i n g  Eq. (2 .18)  i n t o  Eq .  (2 .87)  w e  o b t a i n  
C 
+ Z I@K*BPa~y (AK 1 A ' K ' ]  1'It8)vg ( ~ ' K ' ) v  ( 1 ' ~ ' )  , Y 
where we have  d e f i n e d  
.-- 
-" a*.,... ", ,-. . 
a n d  
A t  t h i s  p o i n t  w e  impose i n f i n i t e s i m a l  t r a n s l a t i o n  i n -  
v a r i a n c e  on  t h e  moments p a ( l K )  . Note t h a t  t h e  r e s u l t s  
o f  C h a p t e r  1, Eqs. ( 1 . 1 4 9 ) ,  s a t i s f y  i n f  i n i t d s i m a l  t r a n s l a -  
t i o n  i n v a r  i a n c e  w i t h o u t  e v e r  impos fLng t h i s  e ~ : n d i t  i o n  on 
t h e  moments py(LK) . Imposing t h i s  r e q u i r e m e n t  on Eq. 
( 2 . 8 7 )  w e  o b t a i n  t h e  c o n d i t i o n s  
a n d  
I n f i n i t e s i m a l  t r a n s l a t i o n  i n v a r i a n c e  of  t h e  t o t a l  d i p o l e  
moment Eq. (1 .130)  o n l y  y i e l d s  t h e  less r e s t r i c t i v e  cond i -  
t i o n s  t h a t  
and 
Using Eqs. (2.941, (1.142) and t h e  t r a n s f o r m a t i o n  pro- 
p e r t y  under  t h e  space  group o p e r a t  ion  f s I;(S )+a(m) ] t h a t  
i t  is e a s y  t o  show t h a t  p i l ) ( l K )  and p ( 2 ) ( l K )  a t r a n s f o r m  
i n  t h e  same manner as t h e  f i r s t  o r d e r  a tomic f o r c e  con- 
s t a n t s .  Thus by t h e  same arguments as p re sen ted  i n  Appen- 
( 2 )  ( ~ ' ( L K )  and pa ( L K )  are bo th  z e r o  i n  t h e  d i a -  d i x  F, Pa 
mond s t r u c t u r e .  S i m i l a r l y ,  one can  show us ing  Eqs. (2 .94b)  
and (2 .96)  t h a t  t h e  c o e f f i c i e n t s  p L ; ) ( L K ( l ° K ' )  have t h e  
same symmetry p r o p e r t i e s  as t h e  paB (LK 1 . 4 ' ~  ') . Thus w e  
c a n  u s e  Eq. (1 .150)  t o  - r i t e  
We a l s o  have for t h e  c a s e  o f  n e a r e s t  neighbor nox i loca l i ty  
t h a t  
Here pl and p2 arc parameters to be determined and 
have t h e  u n i t s  sf c h a r g e .  From t h e  preceding remarks and 
Eqs. ( 2 . 9 2 1 ,  !3.97), ( 2 . 9 8 )  and (1.49) w e  can  write 
where  w e  have de f ined  
I n  o r d e r  t o  compute t h e  d i p o l e  c o n t r i b u t i o n  t o  t h e  
dynamical  ma t r ix  w i t h  t h e  deformat ion  p r e s e n t ,  i t  is on ly  
neces sa ry  t o  keep t h e  terms l i n e a r  i n  t h e  d i sp l acemeu t s  
V ~ ( & K )  i n  Eqs. (2 .99) .  Th i s  is s o  s i n c e  t h e  q u a d r a t i c  
terms g i v e  rise t o  terms i n  t h e  p o t e n t i a l  energy t h a t  a r e  
c u b i c  and q u a r t i c  i n  t h e  v,(kK) . Thus w e  see t h a t  i t  is 
only neces sa ry  t o  r e p l a c e  pl and p2 i n  Eqs. (1.165) by 
N L. 
t h e i r  renormal ized  c o u n t e r p a r t s  pl and p2 where 
S e p a r a t i n g  o f f  t h e  terms l i n e a r  i n  E re o b t a i n  t h e  per- 
t u r b a t i o n  t o  t h e  d i p o l e  c o n t r i b u t i o n  t o  t h e  dynamical  mat- 
r i x  
1 2  * 22 -, 1 2  The m a t r i c e s  T:~(C) , T a 8 ( k )  . T a g ( k )  . <:($) v,,g(C) and 
v2'($) a r e  d e f i n e d  by Eqs. (1 .166)  and ( 1 . 1 6 7 ) .  In Eqs. 
a8 
(2 .102)  e s  is t h e  s t a t i c  d i e l e c t r i c  c o n s t a n t ,  n o t  t o  be 
c o n f u s e d  w i t h  t h e  s t r a i n  pa ramete r  t . Note t h e  i n t e r e s t -  
ing  way i n  which t h e  harmonic and anharmonic p a r a m e t e r s  
bo th  p l a y  a ro le  Fn Eqs. ( 2 . 1 0 2 ) .  
In  o r d e r  t o  compute t h e  GrUneiren parametere ,  t h e r e  
are two a l t e r n a t i v e  but  e q u i v a l e n t  method.. One m e t  bod is 
to  .imply u e  Eqr. (2 .43)  and (2.51) and d i r e c t l y  compute. 
Thie  method is w e l l  u u i t e d  f o r  numerical  work a t  an  a r b i -  
+ 
t r m r y  k p o i n t  o n c ~  w e  have ob ta ined  t h e  e i g e n v e c t o r s .  
The other method is t o  compute t h e  quasiharmonic f r e q u e ~ c y  
\ 
~ ( c j  ) d e f i n e d  by t h e  e igenva lue  equa t ion  
w i t h  
I t  is easy t o  show us ing  f i r s t - o r d e r  p e r t u r b a t  i on  theory  
t h a t  
Using Eq. (2 .51)  w e  can write 
Thus w e  see t h a t  i f  we have an a n a l y t i c  e x p r e s s i o n  f o r  t h e  
quasiharmonfc f requency of  a g iven  mode, one can  
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d i f f e r e n t  la te  a n a l y t i c a l l y  and u s e  Eq. (2.106) t o  o b t a i n  
t h e  mode gamm. 
The qua8 i h r r m o n i c  expre#mionm for t h e  f r e q u e n c  ie8 c a n  
be e n o i l y  o b t a i n e d  from t h e  harmonic onem by #Imply re- 
p l a c i n g  t h e  harmonic model f o r c e  c o n ~ t a n t m  by t h e  quami- 
harmonic f osce c o n s t a n t 8  a c c o r d i n g  t o  t h e  premcr i p t  i o n  
S i n c e  w e  have  a l r e a d y  o b t a i n e d  e x p r e s s i o n s  f o r  t h e  harmonic 
f r e q u e n c i e s  of  s e v e r a l  modes i n  C h a p t e r  1, w e  w i l l  a d o p t  
t h i s  second  method t o  o b t a i n  a n a l y t i c  e x p r e s s i o n s  f o r  t h e  
mode gammas. Note t h a t  both  methods g i v e  i d e n t  ica l  re- 
s u l t s  b u t  a r e  d i f f e r e n t  computat i o n a l  schemes. 
JIoPI DIRECTION 
In thim mection w e  l i m t  mom remultm t h a t  can be 
e r q i l y  o b t a i n e d  from Chaptar 1.  Am an example, cona lder  
f i r m t  t h e  R . m n  mode. Uming Eq.  ( 1 . 1 9 0 )  w e  can write 
where 
Thus 
and u s i n g  E q .  (2.106) w e  o b t a i n  
This  c a n  be w r i t t e n  i n  terms o f  t h e  p o t e n t i a l  d e r i v a t i v e s  
as 
, -=- %- y e -  = 
i 
where we have u8ed Eqs. (2 .67a) .  (2 .74 )  and ( 2 . 8 5 ) .  
A t  the zone boundary WL obtain  from Eq.  (1 .192)  
From E q .  (1.200) w e  obtain 

- - "".-p - "". - 
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term of t h e p o t e n t i a l  d e r i v a t i v e s  
2 2 
YTox - - 73%x 
+ r2$;(r2)+30;(r2) -- 
6 
+ ZT r30;(r3) +G 0 j ( r 3 ) -  r 
where from E q .  (1 .202)  w e  have 
In the e l a s t i c  region w e  have 
whei-e from Eq. (1 .184)  
and i n  addi t ion  t o  Eqs. (2 .84 )  and (2.109)  
U 
v = B + E v  (1 )  
rtt = X U  + E X  ~ ( 1 )  
--- ----.-. -*- - - --"-- --- -- - 
---" - ,,,-z -, .. .". 
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Using E q s .  ( 2 . 1 2 i )  and (2 .132)  w e  obta in  
( e l )  I r ( a  (1)H0(1)+ep(1i+2r.(1)+9A '(1)+8X'(1) Y ~ [ l O O ]  6aCl 1  1 ,  
and i n  term o f  p o t e n t i a l  d e r i v a t i v e s  
( e l  .. - MI 2 0 %  j 
Y ~ [ l ~ ~ ]  6aCll 3 al(r0) +T Oi(ro)  -3 ro 
C & r 2 )  
+ 4 r 2 0 ; ( r 2 ) + ~ ; ( r 2 )  - a " O  1 r2 
Simi lar ly  
where from E q .  ( 1 .199)  
and 
D i f f e r e n t i a t i n g  Eq.  ( 2 . 1 2 7 )  w e  o b t a i n  
( e l  > a - p  (1) + 2  a(l)+4p(l~+4A(l)+A~(l)+10w~(l) 
Y ~ ~ [ i o o ]  Gat4, 1 r 1 
where w e  have def ined  
One can  rewrite E q .  ( 2 . 1 2 9 )  i n  terms of p o t e n t i a l  deriva-  
t i v e s  os 
w i t h  
A t  t h i s  p o i n t  it is a p p r o p r i a t e  t o  make a  f e w  com- 
mentr .  The o r i g i n  o f  t h e  n e g a t i v e  mode gammas ctin be  under-  
atocd from Eqe. (2.116) and (2 .119) .  Note t h a t  t h e  n e a r e s t  
n e i g h b o r  t h i r d  d e r i v a t i v e  of  t h e  p o t e n t i a l  is no t  p r e s e n t  
i n  Eq. (2 .116)  b u t  18 i r  -. (2 .119) .  S i n c e  r is 
o f  o p p o e i t e  s i g n  t o  r )  f o r  any p o t e n t i a l  t h a t  gets 
" e o f t e r "  w i t h  i u c r e a s i n g  d i s t a n c e ,  t h e  c a n c e l l a t i o n  of  
@;(rO) i n  t h e  TAX mode makes t h i s  mode gamma e x t r e m e l y  
l i k e l y  t o  be n e g a t i v e .  The c a n c e l l a t i o n  of  0  is a  
direct consequence  of t h e  f a c t  t h a t  t h e  diamond s t r u c t u r e  
h a s  a  n e a r e s t  ne ighbor  c e n t r a l  f o r c e  i n s t a b i l i t y  and t h e  
TAX mode is u n s t a b l e  i n  t h i s  case. A s  w e  s h a l l  see, t h e  
modes where  c a n c e l l a t i o n  o f  0  o c c u r s  a r e  t h e  modes 
t h a t  e x h i b i t  n e g a t i v e  mode gammas. Although t h e  Cq4 
''mode" a l s o  h a s  a  n e a r e s t  ne ighbor  c e n t r a l  f o r c e  i c s t a b i -  
l i t y ,  c o m p l e t e  c a r c e l l a t i o n  o f  O ; ( r o )  d o e s  no t  o c c u r  i n  
t h e  mode gmma Eq .  (2 .131)  as it d o e s  i n  t h e  u n s t a b l e  modes 
whose e i g e n v e c t o ~ * s  a r e  d e t e r m i n e d  by symmetry. 
The i m p o r t a n t  p o i n t  o f  t h e  p r e c e e d i n g  d i s c u s s i o n  is 
t o  n o t e  t h a t  c r y s t a l  s t r u c t u r e s  p o s s e s s i n g  n e a r e s t  ne ighbor  
c e n t r a l  f o r c e  i n s t a b i l i t i e s  s h o u l d  b e  e x t r e m e l y  l i k e l y  t o  
have  n e g a t i v e  mode gammas and t h u s  are good c a n d i d a t e s  f o r  
t h e  o c c u r e n c e  of n e g a t i v e  t h e r m a l  e x p a n s i o n .  Whether o r  
n o t  n e g a t i v e  t h e r m a l  e x p a n s i o n  a c t u a l l y  o c c u r s  w i l l  depend 
o n  t h e  harmonic phonon spec t rum a s  w e l l  as on  how many modes 
e x h i b i t  n e g a t  i v e  mode gammas. 
From t h e s e  c o n e i d e r a t i o n s  w e  n o t e  t h a t  s e v e r a l  o t r u c -  
turee c a n  have n e a r e s t  neighbor  c e n t r a l  f o r c e  i n s t a b i l i -  
tiecl. I n  three dimensions,  t h e  e imple  c u b i c  lat t ice,  t h e  
body c e n t e r e d  c u b i c  l e t  t ice, t h e  hexagonal diamond o t ruc -  
t u r e  and t h e  g r a p h i t e  e t r u c t u r e  a l l  have t h i s  feature.  In  
two dimensions,  t h e  s q u a r e  I a t t  ice and t r i a n g u l a r  coordin-  
a t  i on  o r  two dimensional  "g raph i t e "  both  e x h i b i t  neares t  
neighbor  c e n t r a l  f o r c e  i n s t a b i l i t y .  I t  16 a l s o  p o s s i b l e  
t o  o b t a i n  an  i n s t a b i l i t y  i n  one dimensional  c h a i n s  o f  atoms 
t h a t  are al lowed t o  have t r lonsverse  deg rees  of freedom. 
Pl0l DIRECTION 
A. n o t e d  i n  C h a p t e r  1, t h e  zq mode is t h e  "slow" 
TA mode i n  t h e  a last  ic r e p  i o n .  Uo i n g  Eqs . (1.213 ) and 
(1.214) w e  o b t a i n  i n  t h e  e las t ic  r e g i o n  t h a t  
o r  i n  t e r m s  of p o t e n t i a l  d e r i v a t i v e s  
Note t h e  c a n c e l l a t i o n  of @i(r,) i n  t h e  above e x p r e s s i o n .  
T h i s  d o e s  n o t  o c c u r  f o r  any o t h e r  modes a l o n g  symmetry 
d i r e c t i o n s  i n  t h e  e las t ic  r e g i o n .  It is a l s o  i n t e r e s t i n g  
t o  n o t e  t h a t  e x p e r i m e n t a l l y ,  t h e  s low ~ ~ [ 1 1 0 ]  mode is 
t h e  o n l y  mode a l o n g  r h i g h  symmetry d i r e c t i o n  t h a t  e x h i b i t s  
n n e g a t i v e  mode gamma i n  t h e  e las t ic  r e g i o n  f o r  t h e  diamond 
s t r u c t u r e .  1 9  
I n  t h e  c o u r s e  of t h i m  work it w a 8  necemrary  t o  have  a n  
a n a l y t i c  expresmion  for t h e  mode gamma o f  t h e  mode a t  
t h e  K p o i n t .  A l though  t h e  e x p r e s s i o n  is somewhat l e n g t h y ,  
i t  was found v e r y  u r re fu l  i n  o b t a i n i n g  a r e a s o n a b l e  f i t  t o  
t h e  a v a i l a b l e  e x p e r i m e n t a l  d a t a .  Thus re have  
w h e r e  
and t h e  d e f i n i t i o n s  
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Note Chat t h e r e  i m  no obviol is  c a n c e l l a t i o n  of 0 i n  
Gym. (2.135-2.142). However f o r  m i l i c o n  re d o  f i n d  a 
r t r o n g  reducf  i o n  of t h e  nearemt neighbor t h i r d  d e r i v a t i v e  
c o n t r i b u t i o n  to t h e  mode gamm r e l a t i v e  to  t h e  nerremt 
neighbor f irst  and mecond d e r  $vat  i v e  c o n t r  i b u t  ion.. 
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For t h e  TA mode we o b t a i n  u s i n g  Eq. ( 1 . 2 4 1 a )  t h a t  
(I)-@ (1)+4w(1)-2v (1)+2),(1)+6p 
TAL 
* ( ~ ) ~ ~ ( ~ ) - ~ ~ ~ ( l ) + ~ ~ ~ ( ~ ) + ~ ~ ~ ( ~ ) ~ ~ ~  
( 2 . 1 4 7 )  
or j,n terms o f  p 3 t e n t i a l  d e r i ~ ~ t i v e s  
For t h e  TO mode prt? o b t a i n  using Eq.  (1.241b) t h a t  
30'1)+8 (1)+4r (1)-2v(1)-b2A 
(2 .149)  
or i n  terms o f  p o t e n t i a l  d e r i v a t i v e s  
A t  t h i s  p o i n t  i t  is i n t e r e s t i n g  to  n o t e  t h a t  @;(ro) 
is absent  from t h e  TAL mode 5::mmrr. Experimental ly ,  t h i s  
mode a l s o  haa a n e g a t i v e  mode gamma. 
ANHARLlONIC F I T  TO EXPERIMENTAL DATA FOR SILICON -
I n  t h i s  s e c t i o n  t h e  method umed t o  d e t e r m i n e  t h e  an- 
harmonic p a r a m e t e r s  f o r  s i l i c o n  10 d e s c r i b e d .  Using t h e s e  
p a r a m e t e r s  w e  t h e n  p r e s e n t  d i e p e r s i o n  c u r v e s  f o r  t h e  
G r ' n e i s e n  p a r a m e t e r s  a l o n g  symmetry d i r e c t i o n s .  
B e f o r e  p r o c e e d i n g  t o  t h e  rnharmonic  model u s e d  i n  t h e  
p r e s e n t  work, w e  want t o  d i s c u s 8  t w o  p r e v i o u s  anharmonic 
models u s e d  for s i l i c o n .  The p i o n e e r i n g  work of D o l l i n g  
and ~ o w l e y ~ ~  modeled t h e  anharmonic p o t e n t  i n 1  e n e r g y  by a, 
two-body c e n t r a l  p o t e n t i a l  i n t e r a c t i o n  between n e a r e s t -  
n e i g h b o r s .  I t  w a s  t h e n  assumed t h a t  t w o  independen t  pa ra -  
meters c o u l d  d e s c r i b e  t h e  anharmonic i n t e r a c t i o n  and these 
t w o  p a r a m e t e r s  ware a d j u s t e d  t o  g i v e  a r e a s o n a b l e  f i t  t o  
t h e  e x p e r i m e n t a l l y  measured thermal  expans ion .  However, 
t h e  e x p r e s s i o n  u s e d  to  compute t h e  mode gammas, Eq.  (4 .5)  
of t h e i r  paper ,  is i n c o r r e c t .  Their model is a l s o  incon- 
s i s t e n t  i n  u s i n g  a s h e l l  model for t h e  harmonic p r o p e r t i e s  
and a r i g i d  i o n  model for t h e  anharmonic p r o p e r t i e s  w i t h  
no  c o n n e c t i o n  between t h e  t w o .  Fur the rmore ,  it c a n  be 
shown t h a t  n e a r e s t - n e i g h b o r  a n h a r m o n i c i t y  o f  any t y p e  is i n  
major  d i s a g r e e m e n t  w i t h  t h e  e x p e r i m e n t a l l y  measured mode 
gammas. 
The work of   ex^' w a s  a l o n g  similar l i n e s  t o  t h a t  o f  
D o l l i n g  and  Cowley b u t  J e x  u t i l i z e d  first $ind second  neigh-  
bor ceqtral  p o t e n t i a l  a n h a r m o n i c i t y  . U n f o r t u n a t e l y ,  J e x  
made t h e  a p p r o x i m a t i o n  of n e g l e c t i n g  t h e  first and second  
d e r f  v a t  l v e s  of t h e  p o t e n t  181.  his approx imat  i o n  ham 
mevere conueguencem for  t h e  made gramre  88 c a n  b e  r e e n  
from Eqm. (2 ;116) ,  (2.134) m d  (2.148). One o f  t h e  con- 
mequences i n  t h a t  Oi(ra) la r e q u i r e d  t o  be p o s i t i v e  i n  
o r d e r  t o  o b t a i n  n e g a t i v e  mode gammas. Another  consequence  
l a  t h a t  s e v e r a l  mode gmmaa disagree w i t h  exper iment  by 
amre t h a n  a factor of two. J e x  conc luded  t h a t  0;(r2) 
was more t h a n  a thousand  times emrrller i n  magni tude  t h a n  
r , t h u s  seeming ly  j u s t i f y i n g  h i s  a seumpt ion  of o n l y  
first and second  n e i g h b o r  a n h r r m o n i c i t y  . However, u s i n g  
our a n a l y t i - e  e x p r e s s i o n s  w i t h  t h e  a p p r o x i m a t i o n  of J e x ,  i t  
is e a s y  to  show t h a x  t h e  valuets of t h e  mode gammas o b t a i n -  
ed by J e x  are i n c o n s i s t e n t  w i t h  h i s  small v a l u e  o f  0 i ( r 2 )  . 
Based on  t h e  above c o n s  i d e r a t  i o n s ,  w e  s e r i o u s l y  q u e s t  i o n  
t h e  l j .newidth  c a l c u l a t i o n  of J e x  as w e l l .  Fur the rmore ,  
o n e  c a n  show t h a t  more g e n e r a l  second  n e i g h b o r  anharmoni- 
c i t y  is u n a b l e  t o  g i v e  r e a s o n a b l e  agreement  w i t h  t h e  ex-  
per i D a n t a l l y  measured mode gammas. 
I n  t h e  p r e s e n t  c a l c u l a t i o n ,  we have u s e d  t h e  t e n  pa ra -  
meter harmonic model of  C h a p t e r  1 t o g e t h e r  w i t h  s i x  inde-  
pendent  parameters f o r  t h e  anharmonic model. The s i x  in -  
dependen t  p a r a m e t e r s  are #;(ro) , 0;(r2) , 6 i ( r g )  , @;(a) , 
and  g2 p1 
(I) . These p a r a m e t e r s  were o b t a i n e d  by pe r -  
fo rming  a weigh ted ,  l i n e a r ,  least s q u a r e  f i t  t o  t h e  f o l -  
lowing  e x p e r i m e n t a l  d a t a  y M  Y~~~ Y~~~ YTAL Y~~~ * 
(el)  (e l  
Y L A [ l ~ ~ ]  ' Y ~ ~ [ l ~ ~ ]  ' Yq K and Y . The e x p e r i m e n t a l  4 
value. of t h e s e  mode gamma. are lirted i n  T a b l e  5 .  I n  
T a b l e  6 we l i a t  t h e  v a l u o r  o f  t h e  a n h a r m n i c  p a r a m s t e r o  
d a t e r m i n e d  from t h l e  f i t t i n g  p r o c e d u r e .  Note t h e  r a p i d  
f a l l  off of t h e  t h i r d  order p o t e n t i a l  d e r i v a t i v e e  by t h e  
f o u r t h  n e i g h b o r  d i s t a n c e ,  though n o t  as r a p i d  as t h e  f a l l  
off o f  t h e  second  order p o t e n t i a l  d e r i v a t i v e 8  i n  T a b l e  4. 
I n  Fig.  10  re have  p l o t t e d  t h e  mode gammas a l o n g  symmetry 
d i r e c t i o n s  for  t h i s  model. These c u r v e s  are a marked i m -  
provement o v e r  those o f  J e x .  Though t h e  agreement  w i t h  
e x p e r i m e n t  is a t  worst 35$, most o f  t h e  modes are much 
1 better a n d  c o n s i d e r i n g  t h e  l a r g e  u n c e r t a i n t i e s  f n  t h e  
I e x p e r i m e n t a l  d a t a  t h i s  is n o t  t o o  bad.  Note t h a t  t h e  mode 
I 
I 
gammas reflect t h e  same d i f f i c u l t y  found i n  t h e  harmonic 
d i s p e r s i o n  c u r v e s ,  namely, tila ;&pole model p roduces  con- 
I 
t s i d e r a b l y  more l o w e r i n g  o f  t h e  mode gamma a t  t h e  X p o i n t  
I 
t h a n  a t  t h e  L p o i n t .  T h i s  c a u s e s  t h e  mode gamma a t  L 
,I 
t o  be less n e g a t i v e  t h a n  exper iment  and t h e  mode gamma a t  
X t o  b e  more n e g a t i v e  t h a n  e x p e r i m e n t .  
TABLE 5 
Exper im4n+.al value. o f  mode Grtineiaen parameters for 
mi l icon .  22 Elast ic mode ga-rn determined from t h e  premuure 
dependence o f  t h e  elastic conmtants. 
(el > 
Y ~ [ l o ~ ]  = I..II 
(el) 
Y ~ ~ [ l ~ ~  ]  - ,325 
TABLE 6 
Anharmonic parameters for s i l i c o n  determined by t h e  
(1) we ('1- ( l ) e  and p2 - z2 method demcribed i n  t h e  t e x t .  pl =1 
where e is t h e  magnitude of  the  e l e c t r o n  charge i n  C . G . S .  
u n i t e .  
F i g u r e  10.  Mode gammas f ~ r  s i l i c o n  a l o n g  symmetry 
d i r e c t i o n s  u s i n g  t h e  model d e s c r i b e d  i n  t h e  text ( s o l i d  
l i n e s ) .  Circies a r e  e x p e r i m e n t a l  d a t a .  

CALCULATION OF THERMAL EXPANSION FOR SILICON 
Having o b t a i n e d  t h e  model parameterr, r e  c a n  u r e  Eq. 
( 9 .59 )  t o  c a l c u l a t e  the t h e r m a l  expansion cooff i c i e n t  . 
The aum o v e r  t h e  f i r s t  B r i l l o u i n  z o n e  of t h e  c r y r t a l  ia 
t h e  major d i f f i c u l t y  i n  c a r r y i n g  o u t  t h i 8  p rocedure .  Sav- 
era1 nunrsr ical method6 have been  deve loped  t o  e v a l u a t e  much 
~ u m m .  23 I n  t h e  i n t e r e m t  of maximum computing e f f i c i e n c y ,  
.+ 
we h a v e  chosen  t h e  e p e c i a l  k p o i n t  method of Chadi  and 
Cohen. 24 i f ,  t h i s  method e v a l u a t e s  .urn o v e r  t h e  
B r i l l o u i n  zone  by 
w i t h  
Here f (2) is a s m o o t h l y  v a r y i n g  f u n c t i o n  of  wavevec to r ,  
N is t h e  number of  u n i t  c e l l s  of t h e  c r y s t a l ,  ti a r e  
t h e  special p o i n t s ,  a t h e  a s s o c i a t e d  w e i g h t i n g  f a c -  
t o r s  and  n  is t h e  number o f  s p e c i a l  p o i n t s  used .  A s  
t h e  number of s p e c i a l  p o i n t s  i n c r e a s e s ,  t h e  approxima- 
t i o n ,  Eq .  2 . 1 5 1 ,  improves.  I n  t h e  p r e s e n t  s t u d y  w e  have  
-* i n v e s t i g a t e d  t h e  case of 10 s p e c i a l  k p o i n t s  and 60 spec- 
i a l  p o i n t s .  These s p e c i a l  p o i n t s  are a l l  i n  t h e  i r r e d u c i -  
b l e  1 / 4 8 t h  s e c t o r  of t h e  B r i l l o u i n  z o n e  and are e q u i v a l e n t  
t o  256 p o i n t s  and 2048 p o i n t s  r e s p e c t i v e l y  i n  t h e  f u l l  z o n e .  
The 60 a p e c i a 1  P point.  and u s o c i a t o d  weightm fo r  t h e  
f c c  la t t ice  were o b t a i n e d  f rom D. J. chad iZS  and are 1imt.d 
i n  T a b l e  7 f o r  r e f e r e n c e  purpomem. 
A computer  program wau w r i t t e n  t o  compute t h e  ire- 
.+ q u e n c i e s  and mode grmmrs for a g e n e r a l  k p o i n t .  The t h e r -  
mal expanmion war c r l c u l a t e d  am w e l l  as t h e  t h e r m a l  s t r a i n  
E g i v e n  by 
The r e s u l t s  o f  t h e s e  c a l c u l a t i o n s  for  10 s p e c i s l  p o i n t s  
a r e  p r e s e n t e d  i n  T a b l e  8 and f o r  60 s p e c i r l  p o i n t s  i n  
T a b l a  9. The t h e r m a l  e x p a n s i o n  coef i i c i e n t  is p l o t t e d  i n  
. 
-C F i g s .  11 and 12 f o r  t h e  c a i c u l a t i o n  u s i n g  60 k p o i n t s .  
Ae c a n  be  s e e n  from F i g s .  11 and 1 2 ,  t h e  agreement  
w i t h  exper iment  is good from 17K t o  700K . The d e v i a -  
t i o n s  below 17K a r e  a t t r i b u t e d  t o  t w o  s o u r c e s .  F i r s t ,  
t h e  e x p e r i m e n t a l  p o i n t s  a t  l o w  t e m p e r a t u r e s  are s u b j e c t  t o  
l a r g e  uncertain tie^ due  t o  t h e  f a c t  t h a t  t h e  t h e r m a l  ex- 
p a n s i o n  c o e f f i c i e n t  is g e t t i n g  e x t r e m e l y  small. Sccond,  w e  
-b 
s u e p e c t  t h a t  t h e  i n c l u s i o n  o f  more t h a n  60 swcial k 
p o i n t s  w i l l  raise t h e  t h e o r e t i c a l  c u r v e  below 17K . We 
s u s p e c t  t h i s  because  t h e  c n l c u l a t l o n  w i t h  10 t p o i n t s  was 
r a i s e d  c o n s i d e r a b l ~  below 17K by g o i n g  t o  60 2 p o i n t s .  
The d e v i a t i o n  from exper iment  n e a r  70K is a t t r i b u t e d  t o  
t h e  fact t h a t  o u r  f i t  t o  t h e  TAL mode gamma is not  nega- 
t i v e  enough. As c a n  b e  s e e n ,  t h e o r y  and exper iment  are i n  
good agreement  t o  700K , a t  w h i c h  p o i n t  t h e  t w o  d e p a r t .  
Note t h a t  t h e  Debye t e m p e r a t u r e  f o r  e i l i c o n  i u  645K 118 and 
t h e  m e l t i n g  p i n t  1 9  1687K. However, even a t  1600K , 
t h e  d i f f e r e n c e  betwacn t h e o r y  and exper iment  is o n l y  12$. 
C o n a i d e r i n g  t h e  approx imate  f i t  o f  o u r  mode gamma8 w e  con- 
e l d e r  th ia  good agreement .  
I n  ow. c a l c u l a 4  .on. t o  t h i a  p o i n t ,  t h e  bulk hodulus  
w a s  t a k e n  a s  t e m p e r a t u r e  independen t .  A s o f t e n i n g  of t h e  
bu lk  moduluer w i t h  increaming t e m p e r a t u r e  would raiea t h e  
t h e o r e t i c a l  c u r v e  and improve agreement  w i t h  e x p e r i m e n t .  
We c a n  emtimato  t h i s  effect by u s i n g  t h e  q u a s i h a r  monic b u l k  
modulue g i v e n  by 
w i t h  
and B g i v e n  by Eq.  1.217. The dashed c u r v e  i n  F i g ,  12 
is o b t a i n e d  by m u l t i p l y i n g  t h e  s o l i d  c u r v e  by t h e  c o r r e c -  
t i o n  f a c t o r  ~ ( ~ o o K ) / ~ ( T )  . Note t h e  improved agreement  
t h a t  r e s u l t s  from t a k i n g  t h i s  t e m p e r a t u r e  dependence of 
t h e  bu lk  modulus i n t o  accoun t  so t h a t  now t h e  t h e o r y  and 
exper iment  a r e  w i t h i n  5% a t  1600K . However, it is n o t  
unreamonabla t o  muggemt t h a t  a t  thama h i g h  tamporaturem 
h i g h a r  crdar a n h a r w n i c  a f f a c t m  'could b e  p l a y i n g  a r o l ~  or 
@van o t h e r  c o n t r i b u t i o n #  to  t h e  f r e a  e n e r g y ,  much u t h e  
t h e r m a l  c r e a t i o n  o f  imgar fac t ionm.  I t  a p p e a r s  t h a t  theme 
e f f e c t m  are q u i t e  a m a l l  f o r  m i l i c o n .  
As a f  i n a l  remark,  re c a n  combine Eqm. ( 2 . 5 3 )  and 
(2 .54 )  t o  o b t a i n  
where Bo is t h e  b a r e  bu lk  modulum, c0 t h e  z e r o - p o i n t  
s t r a i n  and  Po t h e  ze ro -po in t  phonon premsure .  Umind g o  
from T a b l e  9 and from T a b l e  3 
w e  o b t a i n  
Po - 4.433 k b a r  . (2 .158)  
A s  ment ioned c a r l i e r ,  Po is t h e  p r e s s u r e  r e q u i r e d  
t o  make t h e  s t r a i n  z e r o  a t  T - 0 . I t  is a p u r e l y  quan- 
tum mechan ica l  effect and i~ a r e s u l t  of a l l o w i n g  t h e  atoms 
t o  move i n  a n  anharmonic p o t e n t i a l .  T h i s  s h o u l d  be  t a k e n  
i n t o  accourl t  i i ~  c a l c u l a t i o n s  o f  t h e  phase  t r a n s i t i o n  p r e s -  
s u r e  o f  s i l i c o n  from t h e  diamond s t x l u c t u r e  t o  t h e  8 - t i n  
s t r u c t u r e .  Such c a l c u l a t i o n s  a r e  performed w i t h  t h e  atoms 
m o t i o n l e s s .  Although z e r o - p o i n t  c o r r e c t i o n s  t o  tile t o t a l  
ene rgy  are made, t o  t h e  a u t h o r ' s  knowledge, t h i s  is t h e  
firmt c a l c u l a t l o n  of t h e  mize of  t h e  zero-poin t  c o n t r i b u -  
t i o n  to  t h e  p r u e u r e .  Note t h a t  t h e  c a l c u l a t i o n 8  o f  Yin 
and  ohe en^' gave a phame t r anmi t ion  premmure of  BBkbu 
and t h e  exg.r imenta1 va lue  i m  12Skbar.  The ze ro -po in t  
premmure of 4. &bar I8 i n t e r e a t i n g  i n  l i g h t  of  t h l 8  
d i f f e r e n c e .  I t  i m  an  a d d i t i o n a l  premmure t h a t  4. r e q u i r e d  
t o  be a p p l i e d  i n  o r d e r  t o  have t h e  mame volume f o r  a g iven  
greoaure  rm i f  t h e  a t o m  were a l l  a t  remt, thum tending  t o  
raise t h e  c a l c u l a t e d  t r a n s  i t  ion p r e s s u r e .  However, t o  be 
conc lun ive ,  one should a l s o  c a l c u l a t e  t h e  zera-point  phonon 
pyessure  f o r  ~ i l i c o n  i n  t h e  6 - t i n  a t r u c t u r a  r a  w e l l .  
TABLE 7 
60 s p e c i a l  f po int s  f o r  the fcc lattice i n  u n i t s  
of (&)% . (Courdcesy D.J .  Chadi) 
Associated weights 
(x ,x ,x )  po int s  a - 1/256 
(x,y,y)  po int s  a - 3/256 
(x ,y ,z )  po int s  a - 6/256 
195 
TABLE 8 
Volume thermal expamion c o e f f i c i e n t  and thermal s t r a i n  # 
f o r  milicoil using 10 s p e c i a l  E po in t s  
TABLE 8 (cont . )  
TABLE 8 (cant ) 
T 
0 
550 
GOO 
TABLE 8 (cont . ) 
TABLE 9 
Volume thermal expansion coef f i c l e n t  and thermal s t r a i n  
for s i l i c o n  using 6 0  s p e c i a l  t p o i n t s .  
TABLE 9 (cont . )  
T 
0 
25 

TABLE 9 (cant ) 
Figure 11. Volume thermal ex>ansion coef  f i c i e n t  f o r  
s i l i c o n  ca lculated  using 60 s p e c i a l  points  (601id 
l i n e ) .  C i r c l e s  are experimental data (Ref. 2 6 ) .  

Figure  12 .  Volume thermal expansion c o e f  f i c i e u t  f o r  
-C 
s i l i c o n  c a l c u l a t e d  ua ing  60 e p e c i a l  k p o i n t s  ( a o l i d  
l i n e ) .  Circles a r e  exper imenta l  data  ( R e f .  2 7 ) .  The dash- 
e d  l i n e  ie c a l c u l a t e d  by apply ing  a quasiharmonic correc- 
t i o n  to t h e  bulk modulue. The Debye temperature f o r  s i l i -  
c o n  is 643K and t h e  m e l t i n g  p o i n t  is 1687K . 
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C h a p t e r  3 
A n o m l o u s  T h e r m o e l a s t i c  E f f e c t  i n  S i l i c o n  
"For God ao loved  t h e  wor ld ,  
t h a t  h e  g a v e  h i 6  o n l y  
b e g o t t e n  Son, t h a t  whosoever 
b e l i e v e t h  i n  him s h o u l d  
no t  p e r i s h ,  b u t  have e v e r -  
1 a s . t  i n g  1 i f  e . " 
John 3 :16 
In  t h i s  c h a p t e r  t h e  e q u a t i o n s  o f  v i s c o  and thermo- 
e l a s t i c i t y  are d i s c u s s e d  and t h e  d i s p e r s i o n  r e l a t i o n  f o r  a  
c u b i c  material p r e s e n t e d .  The t h e r m o e l a s t  i c  c o n t r i b u t i o n  
t o  t h e  a c o u s t i c  a t t e n u a t i o n  i n  s i l i c o n  is computed from 
1-300K . S t r o n g  a t t e n u a t i o n  a n o m a l i e s  a s s o c i a t e d  w i t h  
n e g a t i v e  t h e r m a l  e x p a n s i o n  a r e  found i n  t h e  v i c i n i t y  of  
17K and 125K . Comparison w i t h  e x p e r i m e n t a l  r e s u l t s  is 
d i s c u s s e d .  I t  is s u g g e s t e d  t h a t  anharmonic e f f e c t s  a r e  re- 
s p o n s i b l e  f o r  t h e  anomal ies  s e e n  i n  low f r e q u e n c y  measure- 
ments and t h a t  s e v e r a l  materials s h o u l d  e x h i b i t  s i m i l a r  
behav l o u r  . 
Var ious  s t u d i e s  o f  a c o u s t i c  a t t e n u a t i o n  i n  s i l i c o n  
have been c a r r i e d  o u t  i n  t h e  p a s t  s e v e r a l  years. Measure- 
ments o f  a c o u s t i c  a t t e n u a t i o n  a t  r e l a t i v e l y  h i g h  f r e q u e n c i e s  
have been made by Mason and a ate man', who s t u d i e d  s i l i c o n  
and germanium a t  300-509 MHz and found t h a t  t h e  a t t e n u a -  
t i o n  went smoothly  t o  ve ry  low v a l u e s  a t  low t e m p e r a t u r e s .  
A q u a n t i t y  which a f f e c t s  t h e  a c o u s t i c  a t t e n u a t i o n  is t h e  
v i i c o r i t y  t e n e o r ,  whome e l e m e n t r  have been d e t e r m i n e d  by 
H e l m @  and  Icing2 for s i l i c o n  a t  1 GRe and 300K . On t h e  
o t h e r  hand,  measurements a t  l o w  f r e q u e n c i e s  i n d i c a t e  
a t  t e n u a t  i o n  a n o m a l i e s .  McGuigan et  81. measured t h e  
_.- 
mechan ica l  Q o f  a l a r g e  s i n g l e  c r y s t a l  of  s i l i c o n  a t  20 
KHz and obse rved  a t t e n u a t i o n  a n o m a l i e s  a t  13K and l l5K . 
IIavis4 h a s  a l s o  obse rved  a  d i p  i n  Q n e a r  13K a t  3 . 4  
KHz i n  a l a r g e  s i n g 1 9  c r y s t a l  o f  s i l i c o n .  McGuigan et  a l .  
--
a t  t ~ i b u t e  t h e  a n o m a l i e s  t o  i m p u r i t i e s  and mechan ica l  imper- 
fect i o n s  o f  t h e  c rys ta l .  However, no c o n c l u s i v e  e v i d e n c e  
is g r e a e n t e d  f o r  t b i s  mechanism, and i t  is p o s s i b l e  t h a t  
t h e  e f f e c t  is a n  i n t r i n s i c  p r o p e r t y .  I t  is t h e  purpose  of 
t h i s  i n v e s t i g a t i o n  t o  show t h a t  a n h a r n o n i c  a t t e n u a t i o n  c a n  
very r a p i d l y  i n  a  narrow r a n g e  o f  t e m p e r a t u r e  and e x h i b i t s  
a n a m a l i e s  n e a r  13K and 125K i n  s i l i c o n .  
C o n s i d e r  t h e  combined thermoe l a s t  i c  and v i s c o e l a s t  i c  
effects  i n  a c u b i c  c r y s t a l .  The e q u a t i o n s  of  motion a r e  5 . 6  
w h i l e  t h e  heat equa t ion  is 6 
Here p is t h e  mass d e n s i t y ,  i j  and 'lid are t h e  elas- 
t i c  moduli and v i s c o s i t y  t e n s o r  e lements  r e s p e c t i v e l y ,  B 
is t h e  i so the rma l  bulk modulus, a is t h e  c o e f f i c i e n t  of 
volume thermal  expansion,  T is t h e  tempera ture ,  C and 
P 
C are t h e  heat c a p a c i t y  pe r  u n i t  volume a t  c o n s t a n t  pres-  
v 
sure and volume r e s p e c t i v e l y ,  K is t h e  thermal  conduct  i- 
vity,  and the ui 
are t h e  c a r t e s i a n  components of t h e  
e las  t ic displacement  . 
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We seek  plane wave s o l u t i o n s  to Eqs. (3 .I) aud ( 3 . 2 )  
of the form 
+ 
where k  is the  wavevector and w is t h e  frequency. For 
s i m p l i c i t y ,  w e  s p e c i a l i z e  t o  a  l ong i tud ina l  wave propaga- 
t i n g  i n  t h e  [lll] d i r e c t i o n .  Subs t i tu t ing  Eqs. ( 3 . 3 )  and 
( 3 . 4 )  i n t o  Eqs. ( 3 . 1 )  and ( 3 . 2 )  w e  f i n d  that  t h e  disper-  
s i o n  r e l a t i o n  is 
where w e  have def ined  1 1  = k and 
The lower 8 i g n  i n  Eq. (3 . S )  correuponds t o  t h e  elastic 
mode whi l e  t h e  upper r i g n  correopondm t o  t h e  thermal  mode. 
Note t h a t  Eq. (3 .5 )  is v a l i d  f o r  any p u r e l y  longitudinal 
m v e ,  provided w e  uae  t h e  a p p r o p r i a t e  v e l o c i t y  vo and 
v i s c o u s  r e l a x a t i o n  time T f o r  t h e  d i r e c t i o n  of propaga- 
t i o n .  Also no te  t h a t  T he re  is not  t h e  thermal  relaxa- 
t i o n  t ime.  
Various cases of Eq. (3.5) are of i n t e r e s t .  For a 
p u r e  v i s c o e l a s t i c  e f f e c t  w e  have 
T h i s  can be ob ta ined  from E q .  ( 3 . 5 )  by p u t t i n g  a e q u a l  t o  
z e r o .  L e t t i n g  
w e  o b t a i n  f o r  u T < < l  
Note t h a t  m<<l is s a t i s f i e d  i n  s i l i c o n  a t  room tempera- 
ture even a t  1 GHz . 
For t h e  pure t h e r m o e l a s t i c  e f f e c t  7 - 0 . Thi s  d i s -  
p e r s i o n  r e l a t i o n  h a s  been ob ta ined  p rev ious ly .  'l and i n  t h e  
c a n e  that b>>a,c w e  have  
and k1 I8 g i v e n  by Eq. 3 1 1  E q u a t i o n  (3.13) is t h e  
u s u a l  r e s u l t , '  and  a p p l i e s  t o  s i l i c o n  a t  20 KHz from 
F o r  combined thermo and v i s c o e l a s t i c  e f f e c t s ,  o n e  may 
show by expand ing  t h e  d i s p e r s i o n  r e l a t i o n  (3.5) t h a t  i n  
t h e  case b>>a,c and 1 , k is g i v e n  by Eq. (3.11) 
and 
The u s u a l  s i t u a t i o n  is t h a t  t h e  second  term o f  E q .  (3.14) 
is o n l y  a few p e r c e n t  of  t h e  f i r s t  term. 
S i n c e  t h e  t e m p e r a t u r e  dependence of  t h e  v i s c o s i t y  t e n -  
s o r  e l e m e n t s  h a s  n o t  been measured a t  low f r e q u e n c y  o v e r  a 
r a n g e  of t e m p e r a t u r e  and h a s  no t  been c a l c u l a t e d  u s i n g  a 
r e a l i s t i c  phonon model f o r  s i l i c o n ,  w e  f o c u s  on t h e  t h e r -  
moelastic c o n t r i b u t i o n  t o  t h e  a t t e n u a t i o n .  Using d a t a  
found i n  t h e  l i t e r a t u r e ,  '-lo w e  have e v a l u a t e d  Eq . (3.13 ) 
for  s i l i c o n  i n  t h e  r a n g e  of 1-300K a t  20 KHz . These  
r e s u l t s  are p r e s e n t e d  i n  T a b l e  10. F i g u r e  13 is a p l o t  o f  
these r e s u l t s ,  F i g u r e  1 4  is a n  expanded v e r s i o n  o f  t h e  
r e g i o n  from 1-50K . Note t h a t  t h e  p lo ts  are nor tna l lzed  
t o  be independen t  o f  f r equency  i n  t h e  r a n g e  of v a l i d i t y  of 
Eq. (3.13). 
The a t t e n u a t i o n  a h o m  r a t h e r  morked f e a t u r e s .  The 
rmximum a t  14K is ae~ociated w i t h  t h e  thermal  e x p a n s i o n  
c o e f f i c i e n t  p a s s i n g  t h r o u g h  a maximum n e a r  14K . The d i p  
6 
near 17K is associated w i t h  t h e  t h e r m a l  e x p a n s i o n  c o e f f  i- 
c i e n t  g o i n g  t h r o u g h  zero and c h a n g i n g  s i g n .  The broad peak 
from 33-60K is due to  t h e  combined f a c t o r s  of t h e  
t h e r m a l  c o n d u c t i v i t y  p a s s i n g  t h r o u g h  its maximum and de- 
c r e a s i n g ,  w h i l e  t h e  magni tude  of  t h e  e x p a n s i o n  c o e f f i c i e n t  
i n c r e a s e s .  The s l i g h t  s h o u l d e r  i n  t h e  c u r v e  from 70-80K 4 
is due to  t h e  t h e r m a l  e x p a n s i o n  c o e f f i c i e n t  p a s s i n g  th rough  
its minimum n e g a t i v e  v a l u e .  The d i p  i n  a t t e n u a t i o n  n e a r  
125K is due to  t h e  t h e r m a l  e x p a n s i o n  c o e f f i c i e n t  chang ing  
s i g n  from n e g a t i v e  t o  p o s i t i v e  i n  t h i s  r e g i o n .  Note t h a t  
t h e  maximum thermoelast ic  a t t e n u a t i o n  o c c u r s  i n  t h e  v i c i -  
n i t y  o f  40 - 4 5 K  and n o t  a t  room t e m p e r a t u r e .  I n  f a c t ,  
t h e  t h e r m o e l a s t i c  a t t e n u a t i o n  a t  40K is more t h a n  a 
f a c t o r  o f  3 t i m e s  g r e a t e r  t h a n  it is a t  room t e m p e r a t u r e .  
I n  t h i s  r e g i o n  w e  e x p e c t  t h e  t h e r m o e l a s t i c  e f f e c t  t o  be 
more t h a n  a few p e r c e n t  of t h e  t o t a l  a t t e n u a t i o n  f o r  l o n g i -  
t u d i n a l  waves. C a r e f u l  measurements o f  t h e  v i s c o s i t y  t e n -  
s o r  e l e m e n t s  a t  l o w  f r e q u e n c y  are n e c e s s a r y  to  s u b s t a n t i a t e  
t h i s  c o n c l u s i o n .  
The e x i s t e n c e  of  t h e r m o e l a s t i c  a t t e n u a t i o n  a n o m a l i e s  
nea r  t h e  t empe~ra tu re s  a t  r h i c h  YcGuigan e t  a l e 3  and Davi. 4 -- 
obmerved anomalieo i n  t h e  mechanical  Q suggest.  t h a t  an- 
harmonic e f f e c t s  are t h e  cause  of t h e  la t ter  anomal ies  and 
n o t  i m p u r i t i e s  o r  mechanfcal imper fec t ions  i n  t h e  c r y s t a l .  
Indeed, t h e  sample of  IUcGuigan e t  a l .  was boron doped w i t h  
a c o n c e n t r a t i o n  of 3 x l0l5 boron atom/cm3 , w h i l e  t h e  
sample of  D a v i ~  had a boron c o n c e n t r ~ t l o n  of 8 x 1014 
atoms/cn? , both  of which are r a t h e r  l o r  impur i ty  concen- 
t r a t i o n s .  In  o r d e r  t o  set t le  t h e  ques t ion ,  it is neces sa ry  
t o  perform exper iments  on ex t remely  pu re  samples and see 
i f  t h e  anomal ies  p e r s i s t .  I f  t h e y  do, one would have very 
s t r o n g  ev idence  i n  f avo r  of t h e  anharmonici ty  mechanism. 
Furthermore,  s i n c e  s e v e r a l  semiconductors  such as G e ,  
GaAs,  ZnS, ZnSe and CdTe e x h i b i t  n e g a t i v e  t h e r m a l  expan- 
sion,'' one may expec t  t h a t  t h e y  a l s o  rill bave anomalous 
a c o u s t i c  a t t e n u a t i o n  i f ,  i n  f a c t ,  t h e  e f f e c t  is i n t r i n s i c .  
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TABLE 10 
--
Value. of k2 for a i l i c o n  at  2 0  K ? b  a long  t h e  
[ I l l ]  d i r e c t i o n  w i n g  Eq.  ( 3 . 1 3 ; .  Unit8 of k2 are 
l ~ - ~ ~ / m t e r .  
Figure 13. Thermoelastic attenuation for silicon 
along [Ill] direction from Eq. (3.13). 
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C h a p t e r  4 
Conc l u 8  i o n s  
"And t h i s  is t h e  r e c o r d ,  
t h a t  God h a t h  g i v e n  t o  u s  
eternal l i fe ,  and t h i s  l i f e  
is i n  h i s  Son. H e  t h a t  
h a t h  t h e  Son h a t h  l i f e ;  and 
he  t h a t  h a t h  n o t  t h e  Son of 
God h a t h  n o t  l i fe."  
I John 5 : 1 1 , 1 2  
In  t h i s  f i n a l  c h a p t e r  w e  summarize t h e  main f e a t u r e s  
of t h e  work p r e s e n t e d  i n  t h e  p r e v i o ~ s  c h a p t e r s  and o f f e r  
some s u g g e s t i o n s  f o r  f u t u r e  r e s e a r c h .  
I t  h a s  been found t h a t  long-range,  n o n l o c a l  d i p o l e -  
d i p o l e  i n t e r a c t i o n s  a r e  a b l e  t o  p r o v i d e  lower ing  of  t h e  
f r e q u e n c i e s  o f  t h e  TA modes i n  diamond s t r u c t u r e  c r y s t a l s .  
The d i p o l e s  a l s o  have t h e  f e a t u r e  o f  n o t  a f f e c t i n g  t h e  
e las t ic  c o n s t a n t s  o r  Ranian f r e q u e n c y .  I t  w a s  n e c e s s a r y  t o  
i n c l u d e  c e n t r a l  p o t e n t i a l  i n t e r a c t i o n s  t o  f o u r t h  n e i g h b o r s  
i n  o r d e r  t o  f i n e  t u n e  t h e  agreement  w i t h  e x p e r i m e n t .  A 
r e a s o n a b l e  f i t  t o  t h e  e x p e r i m e n t a l  data h a s  been o b t a i n e d  
t h a t  e x h i b i t s  a  r a p i d  f a l l  o f f  o f  t h e  f i r s t  and second  o r d e r  
p o t e n t i a l  d e r i v a t i v e s  w i t h  i n c r e a s i n g  d i s t a n c e .  
I t  is b e l i e v e d  t h a t  f u r t h e r  i n v e s t i g a t i o n  of long-  
r a n g e  e l e c t r o s t a t i c  i n t e r a c t i o n s  i n  diamond s t r u c t u r e  
c r y s t a l s  w i l l  be p r o f i t a b l e .  S p e c i f i c a l l y ,  o n e  might  
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examine  t h o  e f f e c t  o f  i n c l u d i n g  t h e  local quadrupolem of 
1 
L u, i n  a d d i t i o n  t o  t h e  n o n l o c a l  d i p o l e s ,  i n  a n  e f f o r t  t o  
1 
o b t a i n  agreement  w i t h  e x p e r i m e n t  u s i n g  a smaller number o f  
parameters. The r e s u l t i n g  d i p o l e - q u a d r u p o l e  and quadrupole-  
q u a d r u p o l e  i n t e r a c t i o n s  s h o u l d  improve t h e  problem of  t h e  
a n g u l a r  v a r i a t i o n  of t h e  dipolar i n t e r a c t i o n  e n e r g y .  In  
a d d i t i o n ,  one  might  a lso examine t h e  effect o f  t h e  s h o r t -  
r a n g e  c o r r e c t i o n s  t o  t h e  d i p o l e - d i p o l e  i n t e r a c t i o n  e n e r g y  
as d i s c u s s e d  i n  Appendix B. These s h o r t  - range  c o r r e c t  i o n s  
have  a d i f f e r e n t  a n g u l a r  v a r i a t i o n  t h a n  t h e  u s u a l  d i p o l e -  
d i p o l e  i n t e r a c t  i o n  e n e r g y .  
An anharmonic model h a s  been deve loped  t h a t  is a con- 
s i s t e n t  e x t e n s i o n  o f  t h e  harmonic model. Using t h i s  model 
w e  have o b t a i n e d  a n a l y t i c  e x p r e s s i o n s  f o r  t h e  mode Gri ineisen 
p a r a m e t e r s  t h a t  e x p l a i n  i n  a  s i m p l e  way t h e  o r i g i n  o f  t h e  
n e g a t i v e  mode gammas. The r e l a t i o n  o f  n e g a t i v e  mode gammas 
t o  n e a r e s t  n e i g h b o r  c e n t r a l  f o r c e  i n s t a b i l i t y  is i l l u s t r a t -  
e d  by these a n a l y  t i c  e x p r e s s i o n s .  I t  h a s  been found t h a t  
t h e  a p p r o x i m a t i o n  o f  n e g l e c t i n g  f i r s t  and second  o r d e r  po- 
t e n t i a l  d e r i v a t i v e s  i n  compar ison w i t h  t h i r d  o r d e r  p o t e n t -  
i a l  d e r i v a t i v e s  is p a r t i c u l a r l y  s e v e r e  i n  t h e  diamond 
s t r u c t u r e .  I t  h a s  n l s o  been found t h a t  long-range  anhar-  
m o n i c i t y  is n e c e s s a r y  t o  e x p l a i n  t h e  e x p e r i m e n t a l  mode 
gammas i n  s i l i c o n  and t h a t  t h e  s h o r t - r a n g e  a n h a r m o n i c i t y  
c a l c u l a t  i o n s  o f  D o l l i n g  and c o r l e y 2  and   ex^ a r e  i n a d e q u a t e  
t o  o b t a i n  even modera te  agreement  w i t h  e x p e r i m e n t .  Using 
r: . .- -* . "  .----. "-- *- ST". sa.- um-qp _/__a_ . 
--V*rr* 
--- - 
I 
t h e  model deve loped  i n  t h e  p r e s e n t  work, a r e a e ~ n a b ~ e  f i t  
t o  t h e  e x p e r i m e n t a l  mode gammas for  s i l i c o n  h a s  been ob- 
t a i n e d  t h a t  e x h i b i t s  a r a p i d  f a l l  o f f  of t h e  t h i r d  o r d e r  
p o t e n t i a l  d e r i v a t i v e s  w i t h  i n c r e a s i n g  d i s t a n c e .  
The volume t h e r m a l  e x p a n s i o n  coef f ic l e n t  of  s i l i c o n  
h a s  been c a l c u l a t e d  f rom 5 K  t o  1700K u s i n g  t h e  above 
la t t ice  dynamical  model. S u r p r i s i n g l y  good agreement  w i t h  
exper iment  from 17K t o  t h e  m e l t i n g  p o i n t  o f  1687K h a s  
been o b t a i n e d .  T h i s  shows t h a t  h i g h e r  o r d e r  anharmonic 
c o n t r i b u t i o n s  t o  t h e  t h e r m a l  e x p a n s i o n  f o r  s i l i c o n  are v e r y  
small, e v e n  a t  t e m p e r a t u r e s  n e a r  t h e  m e l t i n g  p o i n t .  To f u r -  
t h e r  improve agreement  w i t h  exper iment  below 17K , it is 
s u g g e s t e d  t h a t  more t h a n  60 s p e c i a l  p o i n t s  be used  i n  
e v a l u a t i n g  t h e  sum o v e r  t h e  B r i l l o u i n  zone .  I t  is a l s o  
b e l i e v e d  t h a t  a b e t t e r  f i t  t o  t h e  e x p e r i m e n t a l  mode gamma 
a t  t h e  L p o i n t  would improve agreement  w i t h  exper iment  
i n  t h e  r e g i o n  o f  75K , where t h e  t h e r m a l  e x p a n s i o n  be- 
comes t h e  most n e g a t i v e .  
A s s o c i a t e d  w i t h  t h e  n e g a t i v e  t h e r m a l  expans ion ,  i t  
w a s  found t h a t  s i l i c o n  h a s  a n  anomalous t h e r m o e l a s t i c  
effect . I t  h a s  beer: shown t h a t  t h i s  c o n t r i b u t i o n  t o  t h e  
a c o u s t i c  a t t e n u a t i o n  e x h i b i t s  s t r o n g  a t t e n u a t i o n  a n o m a l i e s  
i n  t h e  v i c i n i t y  o f  17K and 125K . T h i s  i n v e s t i g a t i o n  
is p r e l i m i n a r y  i n  n a t u r e  and d e m o n s t r a t e s  t h a t  anharmonic 
a t t e n u a t i o n  c a n  v a r y  r a p i d l y  i n  a narrow r a n g e  of  temper- 
a t u r e .  I t  is t h e  p r e s e n t  a u t h o r ' s  c o n v i c t i o n  t h a t  a 
226 
c a l ~ u l a t l o n  of t h e  v i s c o ~ i t y  tenmor f o r  s i l i c o n  am a func- 
a 
I t lon  of t empera tu re  w i l l  e x h i b i t  anomal ies  a. well. How- I 
e v e r ,  exmis t  i n g  exp res s ions4  f o r  t h e  v i ~ c o ~ i t y  e n s o r  of 
a t ~ o l i d  c a n  be o b j e c t e d  t o  on fundamental  grounds,  and be- 
f o r e  a p rope r  c a l c u l a t i o n  can be made, a new theo ry  o f  t h e  i 4
v i s c o s i t y  t e n s o r  must be developed.  The p r e s e n t  a u t h o r  h a s  
i n v e s t i g a t e d  such a theory  but s i n c e  t h e  r e s u l t s  are not  
y e t  complete,  t h e y  w i l l  not  be r e p o r t e d  on here. 
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Appendix A 
ANGLE BENDING CONTRIBUTION TO THE 
POTENTIAL ENERGY 
I n  t h i s  append ix  w e  d e r i v e  a n  e x p r e s s i o n  fo r  t h e  
change i n  a n g l e  between any  three a t o m  i n  a c r y s t a l  c o r -  
rect t o  first o r d e r  i n  t h e  atomic: d i s p l a c e m e n t s .  The d i s -  
c u ~ ~ l o n  is similar t o  t h a t  g i v e n  by ~ r u l l l n g e r '  and is in-  
c l u d e d  h e r e  f o r  t h e  sake o f  comple~:eneso.  
From t h e  geometry  o f  F i g .  5 and the d e f i n i t i o n  o f  t h e  
dot p r o d u c t  we have 
+ 
(LK  ( L ' K ' ( J Y K # )  - . X ( ~ K I ~ ' K ' ) ' ; ( A K  I L ' K ~ )  , ( A - 1 )  
( ~ ( L K  ( A ' K ' )  1 ~ Z ( A K  \ 
where  
and 
Now 
where 
and 
.* -* 
U ( L K  I L ' K  * )  a U ( L K )  - G ( L ' K ' )  ( A 4  
W e  a lso  have 
Using  t h e  e x p a n s i o n  
we have t o  f i r s t  order  i n  t h e  d i s p l a c e m e n t s  t h a t  
Combining Eqs. (A-11, (A-4) and (A-9) we o b t a i n  to  f i r s t  
o r d e r  i n  t h e  d i s p l a c e m e n t s  t h a t  
cos B ( K ( L ' K ' ~ L ' K ' )  - C 0 8  ~ ( O ) ( L K I L ' K * J ~ ~ K ~ ) -  
where w e  have  d e f i n e d  t h e  e q u i l i b r i u m  a n g l e e  by 
D e f i n i n g  t h e  change  i n  a n g l e  from t h e  e q u i l i b r i u m  a n g l e  by 
w e  c a n  u s e  t h e  f a c t  t h a t  
cos 0 = C O S ( ~ ( ~ ) + A ~ )  = c o s  e ( O ) c b a  - s i n 8 ( 0 ) s i n  A B  , 
(A-13 ) 
so t h a t  to f i r s t  o r d e r  i n  A0 
c o s ( 8  ( O )  + A B )  - cos 0  ('I - A Q  s i n  0 ( 0 )  , (A-14) 
A B  - (cot e ( 0 )  coa 13 I 
Uaing Eq. ( A - 1 5 )  together with Eq. (A -10 )  we obtain 
+ co t  ~ ( O ) ( L K  ~ A ' K ~ ~ L ~ K ' )  I ~ ~ K ' ) . ; ( ~ K  [ h ' K a )  
Defining 
- c o t  ~ ( ~ ) ( & ~ l l ' K ' l l ~ K ' )  ~ ( L K ~ A ' K '  )
[ l ~ ~ h K , h ' K o ) 1 2 ]  
Eq. ( A - 1 6 )  can be rewritten as 
o r  i n  component form 
Note t h a t  Eq .  ( A - 1 8 )  depends  e x p l i c i t l y  on d i f f e r e n c e s  o f  
displacements 80 t h a t  it mat i s f  iee i n f  i n i t e s i m a l  t r a n o l a -  
t i o n  i n v a r i a n c e .  Using E q .  ( A - 1 8 )  it  is eamy t o  show in-  
f i n i t e s i m r l  r o t a t i o n  i n v a r i . a n c e .  Cons ide r  t h e  i n f i n i t e o i -  
ma1 r o t a t i o n  
where );I is t h e  i n f  i n i t e s i m a l  r o t a t i o n  a n g l e  and go 
is t h e  o r i g i n  o f  t h e  r o t a t i o n .  Then w e  have 
S u b s t i t u t i n g  E q .  ( A - 2 1 )  i n t o  E q .  ( A - 1 8 )  and u s i n g  t h e  
v e c t o r  i d e n t i t y  t h a t  
w e  o b t a i n  
From Eq. (A-17) r e  aes that 
and s i m i l a r l y  
In o b t a i n i n g  E q .  ( A - 2 5 )  w e  have made u s e  of t h e  proper ty  
t h a t  
Adding Eqs. ( A - 2 4 )  and ( A - 2 5 )  w e  o b t a i n  
under  t h e  i n f i n i t e s i m a l  r o t a t i o n  Eq. ( A - 2 0 ) .  Thus t h e  
change  i n  a n g l e  E q .  (A -18  e a t  isf ies i n f i n i t e s i m a l  r o t a t  i o n  
i n v a r  i a n c e  . 
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ELISCTROSTAT IC INTERACT ION ENERGIES IN 
A N O m A L  DIELECTRIC MED IUM . 
In t h i s  append ix  w e  d i a c u ~ a  t h e  i n t e r r c t i o n  energy  o f  
two c h a r g e  d i s t r i b u t  i o n s  i n  8 g 8 r t i c u l 8 r  t y p e  of l i n e a r ,  
n o n l o c r l  d i e l e c t r i c  medium. R e s u l t s  f o r  t h e  i n t e r a c t i o n  
o n e r g i e a  o f  t h e  f i r a t  few c a r t e s i a n  m u l t i p o l e s  are pre-  
s e n t e d .  F u r t h e r  a p p l i c a t i o n  to  t h e  case o f  i s o t r o p i c  non- 
l o c a l i t y  is made. The s p e c i a l  case a p p r o p r i a t e  t o  semi- 
c o n d u c t o r s  is examined. 
C o n s i d e r  t h e  i n t e r a c t i o n  e n e r g y  of t w o  c h a r g e  d i s t r i -  
b u t i o n s  i n  a l i n e a r  d i e l e c t r i c  medium. We have 1 
where 
v*Sl - 4npl ,*a2 - 4np2 , 
a -  a l + q  3 - z l + $  
I n t r o d u c i n g  t h e  F o u r i e r  t r a n s f  crms 
+ + 
f ( Z )  - Jd x e I k e X f  ( i ; )  
-b + 
f(C) - - ' , Ji3x e -ik*xf (a J 
(277 
w e  auppctse f o r  t h e  medium of  I n t e r e a t  t h a t  
T h i s  cor responds  t o  examining t h e  d i a g o n a l  p a r t  o f  t h e  
d i e l e c t r i c  mat r ix ,  o r  n e g l e c t  of  umklapp terms f o r  a cry-  
~ t a l . ~  These terms have been shown t o  be small f o r  s i l i c o n  
and germanium am a n t  i c i p o t e d  by ~ e n n  . 3 6f ter some algeb-la 
and u s e  of Eqs. (Bl-B4) w e  o b t a i n  
w i t h  
Note a l s o  t h a t  
A l l  t h e  non loca l  behaviour  r e s i d e s  i n  t h e  f u n c t i o n  g ( z )  . 
Now c o n s i d e r  t h e  f i r s t  few terms of a c a r t e s i a n  mul t i -  
p o l e  expansion about  t h e  po in t  ' . We have 
+ (h ighe r  m u l t i p o l e s )  , 
whero b (;) 1. t h e  Dirac d e l t a  f u n c t i o n .  Direct i n t e g r a -  
t i o n  of Eq. (B-6) g i v e 8  
where V '  is t h e  volume t o  which t h e  c h a r g e  d e n s i t y  is 
l o c a l i z e d .  Eq. (B-6) c a n  be o b t a i n e d  by a p p l i c a t i o n  of  
P o i s s o n ' s  e q u a t i o n  t o  d e t e r m i n e  t h e  c h a r g e  d e n s i t i e s  
r e s p o n s i b l e  f o r  monopole, d i p o l e  and q u a d r u p o l e  p o t e n t i a l s .  
U t i l i z i n g  Eq. (B-61 i n  Eq.  (B-5a; w e  o b t a i n  
h f u l t i p l y i n g  o u t  t h e  v a r i o u s  terms y i e l d s  
+ ( h i g h e r  m u l t i p o l e s )  , 
vhere 
The terms i n  Eqs. ( P O )  and (B-10) correspond t o  monopole- 
mnopole  i n t e r a c t  i o n ,  monopole-dlpole, monopole-quadrupols, 
dipole-dipole ,  dipole-quadrupole and quadrupole-quadrupole 
i n t e r a c t i o n s ,  r e s p e c t i v e l y .  We now proceed t o  e v a l u a t e  t h e  
va r ious  i n t e g r a l s  i n  Eqs . (B-10) . 
For t h e  monopole-monopole term Eq. (B-lOa) y i e l d s  
immediately 
Thus ve see t h a t  g(P)  is e s s e n t i a l l y  t h e  modified 
Coulomb's law f o r  t h e  nonlocal medium. 
Consider next t h e  monopole-dipole term. We can 
immediately perform one i n t e g r a t i o n ,  t h e  remaining in tegra-  
t i o n  t o  be done by p a r t s  s o  t h a t  Eq .  (B-lob) becomes 
Two p a r t i a l  i n t e g r a t i o n s  g ive  f o r  t h e  monopole-quadrupole 
term 
and f o r  the dipole-dipole  t e r m  
Three i n t e g r a t i o n s  by p a r t s  g i v e  for t h e  dipole-quadrupole 
term 
F i n a l l y ,  t h e  quadrupole-quadrupole term is obta ined  by 
four p a r t i a l  i n t e g r a t i o n s  y i e l d i n g  
Having o b t a i n e d  t h e s e  g e n e r a l  r e s u l t s ,  w e  now examine 
t h e  case when 
E ( Z )  - ~ ( k )  where k - lcl . (B-1.7) 
Using t h e  d e f i n i t i o n  E q .  (B-Sb) and i n t e g r a t i n g  over  a n g l e s  
w e  o b t a i n  
where 
U6ing the form of  Eq.  (B-18a) and d i f f e r e n t i a t i n g  g i v e s  
w i t h  
Defining 
1 
t h e  d ipo le -d ipo le  i n t e r a c t i o n  Eq. (B-14) c a n  be w r i t t e n  4 i 
Eq. (B-19a) is t h e  d ipo le -d ipo le  i n t e r a c t i o n  l a w  i n  t h e  
non loca l  medium. Note t h a t  i t  c o n t a i n s  term8 i n  a d d i t i o n  
t o  t h e  u s u a l  free s p a c e  term, which is ob ta ined  by s e t t i n g  
f  e q u a l  t o  one.  The e x t r a  terms are a consequence of t h e  
non loca l  m t u r e  of t h e  medium. 
Now w e  want t o  -examine a s p e c i a l  form f o r  E (g) 
4 
a p p r o p r i a t e  t o  a semiconductor .  Walter and Cohcn have 
shown that  t h e  e f f e c t s  of a n i s o t r o p y  are very small f o r  
s e v e r a l  semiconductors ,  t h u s  j u s t i f y i n g  t h e  u s e  of an  
i s o t r o p i c  form f o r  E (%) . For  t h i s  ca se ,  one can  d e f i n e  
a s p a t i a l  d i e l e c t r i c  f u n c t i o n  r(r)  by t h e  r e l a t i o n  
where  v ( r )  is t h e  sc reened  Coulomb p o t e n t i a l  of a p o i n t  
charge  Z e  . In  f a c t ,  one can  show t h a t  
w i t h  f ( r )  g iven  by Eq. (B-18b).  
Using t h e  Penn model,5 s r i n i v a s a n 6  h a s  shown f o r  
s i l i c o n  t h a t  F ( r )  e s s e n t i a l l y  reaches its va lue  a t  
i n f i n i t y  by t h e  neares t -neighbor  d i s t a n c e .  Th i s  somewhat 
s u r p r i s i n g  conc lus ion  can  be made p l a u s i b l e  r e  fo l lows .  
I -3 
4 
With f o u r  va l ence  e l e c t r o n s  per atom and two a t o m  ,per 3 
1 
p r i m i t i v e  cel l ,  t h e  va lence  e l e c t r o n  c o n c e n t r r t  i o n  rrf t h e  
diamond s t r u c t u r e  is 
e 
so t h a t  t h e  Fermi  wavenumber is 
For  s i l i c o n  one f i n d s  
which is r a t h e r  s h o r t  indeed.  One e x p e c t s  s c r e e n i n g  on 
t h i s  l e n g t h  scale. 
To be more q u a n t i t a t i v e ,  t h e  r e s u l t s  o f  Walter and 
7 Cohen can  be f i t  r a t h e r  c l o s e l y  by t h e  f u n c t i o n a l  form 
where c is t h e   stat!,.^, bulk d i e l e c t r i c  c o n s t a n t .  The 
measured va lue  of E is 11.7 f o r  s ~ l i c o n . ~  Usling Eq. 
(B-27) and performing t h e  i n t e g r a l  i n  Eq. (8-18b) y i e l d s  
From t h e  work of  Walter and Cohen w e  f i n d  f o r  s i l i c o n  t h a t  
~r - A(%) w i t h  ). - 0.45 
s o  t h a t  
o r  a s c r e e n i n g  l e n g t h  of 
Note t h e  c l o s e  agreement of Eqs. (8-26) and (0-31). Dif- 
f e r e n t i a t i o n  of Eq. (B-28) g i v e s  
In  Table B 1  f and its f i r s t  two d e r i v a t i v e s  are eva lua t ed  
fo r  s i l i c o n  a t  t h e  d i s t a n c e s  of t h e  first few ne ighbors .  
A s  can be s e e n  from t h e  Table,  f  is w i t h i n  one percen t  
o f  its v a l u e  a t  i n f i n i t y  by t h e  second neighbor  d i s t a n c e .  
- .  -- - - - - -  -7 ---- " r  -F-. 
I 
I 
From Eq. (B-19a) w e  see t h a t  t h e  f i r s t  d e r i v a t i v e  term has  
I the same a n g u l a r  v a r i a t i o n  a8 t h e  term w i t h  no d e r i v a t i v e .  
However, t h e  term wi th  t h e  second d e r i v a t i v e  h a s  a d i f -  
f e r e n t  a n g u l a r  v a r i a t i o n  than  the o t h e r  t w o  terms.  T h i s  
c o u l d  g i v e  a sizeable c o n t r i b u t i o n  t o  t h e  d ipo le -d ipo le  
i n t e r a c t i o n  energy o u t  t o  about  t h i r d  n e a r e s t  ne ighbors .  
Thus w e  see t h a t  w e  can  w r i t e  t h e  d ipo le -d ipo le  i n t e r a c t i o n  
i n  t h e  form 
+ (exponentdnl  terms) , 
where t h e  e x p o n e n t i a l  t e rms  are very s h o r t  ranged.  
TABLE B1 
Eqm. (B-28) and (B-32) evaluated f o r  the  firmt few 
aeighl\orm of s i l i c o n .  
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Appendix C 
QWADRUPOLE MOMENT DUE TO AN ARRAY OF DIPOLES 
W e  beg ln  w i t h  t h e  cha rge  denmity P ( ; )  due t o  an 
array oi d i p o l e s  ~ ( L u )  l o c a t e d  a t  mites ~ ( L u )  
Defining t h e  t o t a l  quadrupole  moment as 
w e  f i n d  a f t e r  i n t e g r a t i o n  by p a r t s  t h a t  f o r  t h e  a r r a y  of  
d i p o l e s  
Now c o n s i d e r  t h e  s p e c i a l  c a s e  of t h e  Raman mode i n  
t h e  diamond s t r u c t u r e .  For t h i s  mode ua ( l ,O)  = -u ( L . 1 )  - dl 
u . Using Eqs. (1.149) and (1.151a) w e  f i n d  t h a t  
& 
C l e a r l y  there is no t o t a l  d i p o l e  moment due t o  t h i s  mode, 
s i n c e  t h e  d i p o l e  moments i n  each u n i t  ce l l  are equa l  and 
o p p o s i t e  and t h u s  add t o  z e r o .  Using Eq.  (C-3)  and t h e  
pornition v e c t o r s  Eq. (1.1) w e  have 
Performing t h e  mum on I and w i n g  Eq. (1.5) we o b t a i n  
where N is t h e  number of u n i t  ce l l s  of t h e  c r y s t a l .  Thus 
w e  see t h a t  t h e  Raman mode h a s  a macroscopic quadrupole 
moment a s s o c i a t e d  w i t h  i t ,  where by mrrcroscopic w e  mean 
p r o p o r t i o n a l  t o  t h e  number of u n i t  c e l l s .  Note a l s o  t h a t  
o n l y  t h e  pl term of Eq.  (1.150) c o n t r i b u t e s  t o  t h e  quad- 
r u p o l e  moment of  t h i s  mode. 
THE EWALD METHOD AND ITS APPLICATION 
TO DIPOLE SUMS. 
In t h i s  appendix w e  dimcuss the  Ewald method f o r  
transforming lot t ice sums to r a p i d l y  convergent form. The 
method I s  app l i ed  t o  d i p o l e  sums i n  t h e  diamond s t r u c t u r e .  
We want to e v a l u a t e  t h e  sums Eqs, (1.168) 
and 
w i th  
First w e  d e f i n e  
D i f f e r e n t i a t i n g  w e  o b ta in  
Now 
so t h a t  
where t h e  prime on t h e  sum i n d i c a t e s  omit t h e  L - 0 term. 
Thus w e  have 
s o  t h a t  
S i m i l a r l y  from E q s .  (D-2) and (0-5) w e  have 
From Bps. (D-9) and (D-P: : w e  see t h a t  i t  is s u f f i c i e n t  t o  
+ + f i n d  an expres s ion  for Aae (k,x) . Next cons ider  t h e  sum 
u s i n g  the  i n t e g r a l  representat  ion 
w e  have 
Def in ing  
.I--- .- 
- a,. - ., &-, - *  r s w % w & r  -..-5+WmV%&rnr. 
w e  n o t e  t h a t  ~ ( f )  - F ( f + % ( m ) )  where g(m) is o la t t ice  
t r a n s l a t i o n  v e c t o r .  Thus F ( Z )  is p e r i o d i c  w i t h  t h e  
p e r i o d i c i t y  of t h e  d i r e c t  la t t ice  and we c a n  expand it i n  
a f ourier series 1 
w i t h  F o u r i e r  c o e f f i c i e n t s  
The sum i n  Eq. (D-16a) is o v e r  a l l  r e c i p r o c a l  l a t t i ce  
v e c t o r s  and t h e  i n t e g r a l  i n  Eq. (E-16b) is o v e r  t h e  pr imi-  
t i v e  u n i t  c e l l .  
S u b s t i t u t i n g  Eq. (D-15) i n t o  Eq. (D-16h) we have 
l e t t i n g  
Eq. (D-17) becomes 
where t h e  i n t e g r a l  is ove r  t h e  volume of t h e  u n i t  ce l l  a t  
t h e  p o s i t i o n   if(^) . Since  e i8't(') - 1 we have an  
i d e n t i c a l  i n t e g r a l  f o r  each u n i t  ce l l  s o  t h a t  
where t he  i n t e g r a l  is now over  t h e  volume of  t h e  e n t i r e  
c r y s t a l .  We now pass t o  t h e  l i m i t  o f  a very  l a r g e  c r y s t a l  
so t h a t  t h e  i n t e g r a l  i n  Eq. (D-20; can  be t aken  over  a l l  
space. Eva lua t ing  t h e  i n t e g r a l  i n  E q .  (D-10) i n  rectangu-  
lar c o o r d i n a t e s  w e  o b t a i n  
so t h a t  Eq.  (0-15) may be w r i t t e n  a s  
Heturning t o  Eq.  (D-14b) w e  break t h e  i n t e g r a l  i n t o  
t w o  p a r t s  and s u b s t i t u t e  t h e  F o u r i e r  series Eq .  (D-22) i n t o  
t h e  first i n t e g r a l  t o  o b t a i n  
The first i n t e g r a l  can be eva lua t ed  w i t h  t h e  s u b s t i t u t i o n  
80 t h a t  
Using t h e  d e f i n i t i o n  of  t h e  complimentary e r r o r  f u n c t i o n  
t h e  second i n t e g r a l  i n  Eq. (D-23) is 
Using Eqs. (D-25) and (0-27) w e  have from Eq. (D-23) 
I n  Eq. (D-28) r a p i d  convergence of both sums can be ob- 
t a i n e d  by a proper  c h o i c e  of t h e  s e p a r a t i o n  parameter  q . 
Using Eqs. (D-4) and (D-12) w e  perform t h e  d i f f e r e n t i a t i o n  
on Eq. (0-28) t o  o b t a i n  
u s i n g  the i n t e g r a l  representat ion  
w e  f ind  upon d i f f e r e n t i a t i o n  that  
Using Eqs. (D-29) and ( D - 3 1 )  Eq. (D-9 )  becomes 
Taking the  l i m i t  i n  the l a s t  term of  Eq. (D-32) w e  obta in  
Where w e  have  e x p l i c i t l y  s e p a r a t e d  o u t  t h e  n o n a n a l y t i c  
e - 0 term from t h e  Bum on 8 . 2  Note also t h a t  t h e  sum 
o n  omits t h e  L = 0 term. 
S i m i l a r l y ,  u s i n g  E q s .  (D-11) and (D-29) w e  o b t a i n  
Eqs. (D-33) and (D-34) c a n  be r e w r i t t e n  as  
-- 
. -. &be., . . . a m * .  .c%-@?&i~ ,~ >-I--- ' 
and 
where w e  have d e f i n e d  
and 
Using the i n t e g r a l s  
w e  c a n  rewrite Eqs. ( D - 3 7 )  a s  
Eqs. ( D - 3 5 ) ,  ( D - 3 6 )  and ( D - 4 0 )  can now be used  to compute 
t h e  sums Eqs.  (D-1;  and ( D - 2 ) .  A l l  t h a t  remains is to 
c h o o s e  an appropr ia te  v a l u e  f o r  t h e  s e p a r a t  i o n  parameter 
give' near optimum con- 1 . We have found tha t  1 - . 
vergence f o r  the  diamond s t r u c t u r e .  
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Appendix E 
SOME PROPERTIES OF THE D I m E  CONTRIBUTION 
TO THE DYNAMICAI, HATRIX 
I n  t h i n  append ix  w e  examine nome p r o p e r t  iem o f  c e r t a i n  
d i p o l e  rums. We b e g i n  by c o n a i d e r i n g  t h e  d i p o l e 8  induced 
by t h e  homogeneouv d e f o r m a t i o n  
where cot! a r e  t h e  d e f o r m a t i o n  p a r a m e t e r s  and da(K) are 
t h e  i n n e r  dimplacementa. '  S u b s t i t u t i n g  Eq. (E-1) i n t o  
Eqs. (1 .149)  and u s i n g  Eqs. (1 .621,  ( 1 . 4 )  and (1.5) w e  
o b t a i n  
and 
Note a t  t h i s  p o i n t  t h a t  thla d i p o l e s  induced by t h e  homo- 
geneous  d e f o r m a t i o n  a r e  independent  of  t h e  u n i t  c e l l  index 
so  w e  can w r i t e  
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D e f i n i n g  
we o n l y  need show t h a t  t h e s e  t e r m s  are zero f o r  a n  in-  
f i n i t e  c r y s t a l  t o  show t h a t  t h e  homogeneous d e f o r m a t i o n ,  
Ep. (E-l , p r o d u c e s  no d i p o l e - d i p o l e  i n t e r a c t i o n  e n e r g y .  
T h i s  b e i n g  t h e  case i t  t h e n  f o l l o w s  t h a t  t h e  d i p o l e s  d o  
n o t  c o n t r i b u t e  t o  any  o f  t h e  e las t ic  c o n s t a n t s .  We now 
proceed  t o  show t h a t  ( 2 )  and Gag are zero f o r  a n  i n -  
f i n i t e  c r y s t a l .  F i r s t  n o t e  t h a t  t r a n s l a t i o n  i n v a r i a n c e  
a l l o w s  a r e l a b e l i n g  o f  t h e  sums so t h a t  
Next c o n s i d e r  t h e  sum 
The d i a g o n a l  terms are e a s i l y  shown t o  be  z e r c  s i n c e  u s i n g  
Eq. ( 1 . 1 5 4 )  
Using t h e  p o e i t i o n  v e c t o r s  Eq.  ( 1 . 5 )  and r e l a b e l i n g  sum 
i n d i c e e  w e  n o t e  t h a t  
30 t h a t  w e  have 
S i m i l a r  r e a s o n i n g  a p p l i e s  t o  show t h a t  
Now con-: ides  t h e  of f - d i a g o n a l  term 
To show t h a t  t h i ?  sum is z e r o ,  w e  can  u s e  a  p a r i t y  argu- 
ment .  Not ing  t h a t  w e  c a n  r e l a b e l  t h e  summation v a r i a b l e s  
by t h e  t rans format  i o n  
w e  have t h e  new v a r i a b l e s  
4; - L3 
- -(L1+L2+L3+~) 
4; - L1 . 
Not ing  t h a t  
I X ( ~ K ) I  - ( S ( 4 . K )  I , 
w e  have t h a t  
#JO t h a t  
S i m i l a r  arguments a p p l y  t o  t h e  o t h e r  o f f - d i a g o n a l  e l e m e n t s  
so t h a t  
S ince  
w e  h a v e  t h a t  
Thus we f i n d  t h a t  u n d e r  t h e  homogeneous d e f o r m a t i o n ,  Eq .  
(E-1) , 
S i n c e  t h e  homogeneous d e f o r m a t i o n  p r o d u c e s  no  d i p o l e  con- 
t r i b u t i o n  t o  t h e  p o t e n t i a l  e n e r g y ,  o n e  c a n  c o n c l u d e  t h a t  
t h e  e las t ic  c o n s t a n t s  are n ~ t  a f f e c t e d  by t h e  n o n l o c a l  
d i p o l e - d i p o l e  i n t e r a c t i o n .  T h i s  is so  s i n c e  a homogeneous 
d e f o r m a t i o n  is s u f f i c i e n t  t o  d e t e r m i n e  t h e  e las t ic  con-  
s t a n t s .  2 
I t  is now e a s y  t o  show t h a t  t h e  Raman f r e q u e n c y  is 
a l so  u n a f f e c t e d  by t h e  n o n l o c a l  d i p o l e s .  From Eqs.  ( 1 . 1 5 9 )  
-* 
and  (1 .161-1 .164)  w e  o b t a i n  a t  k = 0 t h a t  
and  
Using  Eqs .  (E-14) and  (E-20) we have  
Thus w e  see t h a t  t h e  d i p o l e s  do not  c o n t r i b u t e  to t h e  Raman 
frequency . 
S i m i l a r  t y p e s  o f  sywmetry arguments ran  be used  to  
show t h e  p r o p e r t i e s  s t a t e d  i n  Chapter 1 ,  though t h e  d e t a i l s  
are too l e n g t h )  -0 p r e s e n t  h e r e .  
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Appendix F 
PROOF THAT O:l ) (L~)  AND d 2 ) ( L 1 ( )  ARE ZERO u 
I N  THE DIAMOND STRUCTURE 
We begin  by showing t h a t  4;') ( L K )  has  t h e  same t r a n s -  
format ion  p r o p e r t i e s  as t h e  f i r s t  o r d e r  a tomic f o r c e  con- 
s t a n t s .  T h i s  is obvious ly  t r u e  s i n c e  an  i s o t r o p i c  homogen- 
e o u s  deformat ion  does  no t  change t h e  symmetry o f  t h e  c ry-  
s t a l .  
Using t h e  d e f i n i t i o n  Eq. ( 2 . 2 3 ~ )  
w e  apply t h e  t r ans fo rma t ion  l a w  Eq. (1.35) f o r  t h e  second 
o r d e r  f o r c e  c o n s t a n t s  under t h e  symmetry o p e r a t i o n  Eq. 
(1 .34)  t o  o b t a i n  

Eq. (F-10) is t h e  same t r ans fo rma t  ion  l a w  obeyed by t h e  
f irmt o r d e r  a tomic f o r c e  c o n s t a n ~ s .  S i m i l a r  r ea son ing  
c a n  be used t o  show t h a t  4 k 2 ) ( L K )  as d e f i n e d  by Eq. 
(2.23d) t r ans fo rms  as 
Now t h a t  we have e s t a b l i s h e d  t h e  t r ans fo rma t ion  l a w ,  
w e  app ly  t h e  i n v e r s i o n  o p e r a t i o n  Eqs. (1.36) and (1.37) 
t o  o b t a i n  
L a t t i c e  t r a n s l a t i o n  inva r i ance  g i v e s  
so t h a t  t h e  c o e f f i c i e n t s  are independent of t h e  u n i t  c e l l  
index 
combining Eqs. (F-12) and (F-14) w e  have 
3 The aimple two-fold ro ta t ion  element b2, 
g ives  
and 
The f u r t h e r  o p e r a t i o n  2~ 
g i v e s  
( 0 0  - - @1 (l)(0,0) = 0 . (F-19 ) 
Eqs. (F-17) and (F-19) t o g e t h e r  w i t h  Eq. (F-15) show t h a t  
dl)(kK) CY - 0 . (I?+* 4 1) 
S i n c e  4:2)(lr) o b e y s  t h e  mame transformation law, 
i t  f o l l o w s  that  i t  a l s o  10 zero i n  .he diamond mtructure.  
Note t h a t  t h e  proof o n l y  appliem to an i n f i n i t e  crymta l ,  
s i n c e  murf a c e s  break t h e  t r a n s l a t i o n  invar  l a n c e  c o n d i t i o n  
E q .  (F-13). 

